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FLOOD-STAGE RECORDS OF THE RIVER NILE. iy 
ie By C. S. JARvis,’ M. Am. Soc. C. E, ieeai! 


* 
* 
x 
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i Synopsis. 


and their various characteristics, has led the writer to a study of the records. 
ig of foreign rivers. The paper affords only a brief summary of outstanding © 


records or evidences regarding stream-flow trends of European and Asiatic — 


rivers, and then undertakes the presentation of stages of the Nile River at 
the Roda gauge, in Cairo, Egypt, covering a period of thirteen centuries. 
Additional data, such as those procured at Aswan, dealing with both stages 


a 


y 


graphic representation as nearly complete as is practicable on one continuous 
chart. No attempt is made at this time to evaluate the data, as they are too 


- 

oh ‘ ; ; 
numerous and complex to permit ready appraisals. The main purpose 1s a 
og 

os presentation of records, or some kind of derivation from actual observations, 
4 as a preliminary to further study by the profession. 

vs 

<s ‘ 

A. 


GENERAL CONSIDERATIONS 


The study of flood frequencies and magnitudes by the United States Geo- 
logical Survey in collaboration with, and under the sponsorship of, the 
Mississippi Valley Committee and its successor, the National Resources Board 
(Water Planning Committee), has advanced some interesting information 
relating to long-period records of river stages. These records were investi- 
gated with a view to furnishing a background for the interpretation of avail- 
able hydrographic records in the United States, most of them covering 
relatively short periods. 

A few American flood records extend intermittently into the Colonial era 
_-notably the Ohio River, at Pittsburgh, Pa., and the James, Roanoke, Dela- 


ware, Mississippi, and other rivers at or near tide-water. In this manner a 
derived as to the comparative 


sketchy and somewhat uncertain notion may be 
in November, 1935, Proceedings. 


Notrs.—Discussion on this paper will be closed 


1Senior Hydr. Duegr., U. S. Geological Survey, Washington, D. C. 


—- The need for longer hydrographic records than are now available on 
¥ American streams, as disclosed by recent investigations dealing with floods — 


and volumes, and various versions of divergent data, are added to make the 
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rer te or responding discharges, where the « 1e 02 
ontrols have not changed ‘materially; but at best. a period of only about = 
- may be thus covered in this country pe written records or satis! 
ily authenticated marks. 
The study of drift or débris deposits, ‘ike heights of mounds distributed ‘ " 
eS Se the flood-plains of rivers and presumably intended as islands of refuge 
(as on the Lower Mississippi and in the Nile Delta), the character of trees — 
_and other vegetation along various contours, the evidences of either channel 
scouring or filling, and consideration of other prominent geologic and geo- a | 
-. morphic features may add significant items of information relating to the 
occurrence of floods in the past, possibly within a few hundred years. = ae 
What can be said more definitely of such floods as have left their marks, 
and of similar contemporaneous events of equal importance that have left 
no physical effects or record marks clear enough for recognition and separate 
interpretation? Some investigators have expressed the opinion that a con- 
tinuous record of stages on a large stream, over a period of 500 or 1000 yr, 
for example, might indicate more definitely the trends and cyclic or other 
recurrent periods of stages above or below normal than several shorter records 
of equal or greater aggregate length. Before such long-period records of for- 
eign streams can serve a useful purpose most effectively, account must be 
taken of the differences in physical factors as affecting run-off habits. This 
; applies particularly in the present study, which concerns flood frequencies 


and magnitudes, to those influences that would either retard, accelerate, aug- 
ment, dissipate, or otherwise change, the discharge habits of the stream or © 
modify the discharge capacity of the channel. Thus, the regimen of a river 
pak may be affected by: (a) Changes in the vegetative cover of a drainage area; 
(b) erosion; (c) increase or decrease of natural or artificial storage either 
in basins or on flood-plains; (d) diversion to other drainage basins by 
4g either natural or artificial means; (e) restriction of the river channel by levees; 
(f) facilitation of flow by dredging and removal of obstructions; or 

. (g) formation or abandonment of auxiliary channels and by-pass areas. 
_ Furthermore, any one of Items (a) to (g) is likely, to interfere with satis- 
factory interpretation of records. 

What is more important, available human experience is often capable of 
making fairly intelligent approximations of such influences, as, for example, | 
by recognizing that one factor may be additive, another may be subtractive, t 
and the algebraic sum may be of small amount. -Thus, it has been shown 
for several stations on large foreign rivers, and on the Upper Mississippi | 
River, that the dredging of bars, removal of snags and other obstructions, 
rectification of alignment, and improvement of the hydraulic elements of the 
channel, tend to lower the river surface; whereas channel encroachments and 
the development and protection of great areas among the natural flood-plains 
cause a corresponding rise of stage. The actual effect is the resulting differ- 
ence of these two factors, normally lowering the stages of low water and , 
raising the stages of high water, the net effect being to increase the range 


of variation in stages, except where regulation works are used. to produce 
. opposite effects. 
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hames, the Seine, ihe Rhine, the Rhéne. 


that the progressive changes which these river channels and drainage — 
; as have undergone may vitiate, more or less, the close comparability of © 
tages as indexes of flood magnitudes over long periods; nevertheless, the | 
tudy of outstanding flood catastrophes should afford a valuable record of ? 
perience. The floods of the Rhéne, the Loire, and the Seine Rivers in the ? 
Bh TS, 563, 572, and 583 A. D., respectively, have been described briefly in 
_ available records. Thereafter, until about 1000 yr later, the published frag- 
_ mentary data are qualitative rather than quantitative; certain outstanding 
_ inundations, which were equal to or worse than others} are designated by date 
_or by year of occurrence. The usual standards for comparison seem to have 
2 “been based on loss of life and damage to property, and in this connection the 
_ suddenness of flood rise without warning played a prominent part; therefore, es 
_ the floods at unusual or unexpected seasons would naturally be mentioned? 
7 Within the last 300 yr the quantitative or magnitude relations of floods — % 
7 have entered into the records of European streams. Thus, the foregoing refer- 
ences, together with those listed by Kuichling,*.show that the flood in the 
Seine River Valley on January 28, 1910, and that of February 97,. 1658, at 
Paris, were of approximately the same stage (8.40 m and 8.81 m, or 27.6 ft 
and 28.9 ft, respectively, above the zero of the Pont de Tournelle) ; and that 
the maximum estimated discharges were of a similar order (88 300 and 84 500 

; cu ft per sec, respectively). The greater volume and lesser gauge height thus 
i, applied to the flood crest of 1910. No other floods on the Seine during a 

‘a _period of nearly 300 yr approached within 15% of the maximum recorded 
for 1910. The catastrophic occurrences during the period, 683 to 1658, Ax: 

ye probably included several of nearly the same order, to judge from descriptive Ms 
accounts of complete submergence of homes, undermining of bridges and ; is 
A other structures, and general devastation, including the demolition of fortifi-- (7 = 
cation walls during the flood. and the accompanying earthquake. The ques- 
tion naturally arises as to whether the recorded earth tremors were the cause 
or the effect of the structural collapse. 

The year 1012 A. D., witnessed intense rainfall and the “great flood” of the 
Danube River at Vienna; likewise, along the River Rhine, homes were inun- 
dated, and a multitude of people and their live stock were destroyed. The 
margins of forests jntruding into the flood-plains were wiped out during a 


catastrophe that was without parallel in all the preceding history of that 
the sub-normal river stages 


region. Prior to 41012 A. D., as in present times, 


2“Materiaux pour l’etude des calamities,” 5° annee, nos. 17-20, Genéve, Soc. Géo- 
graphic, 1928-29; “Les jnondations en France,” par Maurice Champanion, 6 vol., Paris, 
1858-64 (deals with flood events from the Sixth Century to 1862) ; 
by the late H M. Chittenden, M. Am. Soc, C. B., Engineering News, October 29, 1908, 
p. 467 (discusses report of rnst Lauda, Chief of the Hydrographic Bureau of the 
Austrian Government (Hydrographischen Dienst in Osterreich : Beitrage Hydrographic 
Osterreichs, Heft 4, pp. 155-162, Wien, 1900) Nis eee Seine,” par H. Belgrand, Inspector 
General, Ponts et Chaussées, 1869. pencners a gered ea of notable floods beginning 

Dp. A : 


with 1649) ; and Engineering News, Vol. 63, 
- discussion by the late Emil 


3“Plood Flows,” by w. B. Fuller, M. Am. Soe. C. B.5 
Kuichling, M. Am. Soc. C. E, Transactions, Vol LXXVII (1914), dD. 643. 
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‘pared for the eventual torrent. 


Py Ce ee RRS sar Ee eh a ee eS ee ee 
; a ae Ls 


7 oO ees “ wt . Yo RF 


806 FLOOD-STAGE RECORDS OF THE RIVER NILE . Papers 


of successive years created a false sense of security that left the people unpre- 

The Danube flood of 1842 was reported to have caused ‘the loss of 6 000 
human lives. In the flood of 1501 on the Danube several marks were estab- 
lished on monuments and are still preserved as permanent records. Compari- 
son of this event with another devastating flood, in 1899, at fourteen stations 
in the same valley, shows that the range above low-water stage was 7.24 to 
16.58 m (23.8 to 54.4 ft) in 1501 and only 6.52 to 13.18 m (21.4 to 48.2 ft) in 
1899, the lower stages perhaps being due in part to channel improvements 
in the interest of navigation. x 

The scattered references in early records show that flood heights above 
either normal or low-water stages are so nearly comparable with those of later 
centuries as to give support to the opinion that no radical progressive changes 
of intensities or frequencies of floods and droughts have taken place in his- 
toric times on any extensive river systems, except as logical consequencies 
of regulation, diversion, utilization, or other activities of Man. On the other 
hand, no direct proof is available regarding the trends of climate and rainfall 
throughout historical periods, such evidence as exists being based on consid- 
erations other than physical measurements. On extending the period con- 
sidered into geologic time, however, it is indisputably established that marked 
changes in both temperature and rainfall have taken place by gradual 
processes. 


Fioop Recorps or Rivers rm AsIA 


Traces of irrigation, regulation, channel-training, and flood-protection 
works have survived from early centuries of historical epochs in various 
civilizations, or even from times before the earliest records now available for 
some countries, particularly in Asia. These remnants of a past civilization 
seem to supply indisputable proof of a long-continued similarity of climatic, 
rainfall, and run-off habits. The only possible explanation and justification 
for such engineering works must be found in deficient local rainfall and in 
reliable stream flow, even when the discharge was flashy and irregular. This 
combination of circumstances presumably reflects the occurrence of storms 
among the head-waters and intervening catchment areas, or the thawing of 
snow and ice accumulations. 

The records of several Asiatic rivers, although enveloped in vagueness, 
extend back to remote periods of history. Thus, the series of irrigation canals 
in Mesopotamia, with combined original capacities much greater than the 
reliable flow of the Euphrates and Tigris during recent times, do not neces- 
sarily betoken a shrinkage of water supply since they were built. According 
to opinions of engineers who have studied the situation on the ground,* new 
canals were established as the irrigated tracts under the older projects became 
water-logged and overcharged with alkali, for want of systematic drainage, as 
often happens under modern practice. The important facts to note, however, 
are that the rainfall was deficient throughout the historical period of Babylon, 
Nineveh, and neighboring cities, and that the rivers were both fairly stable 


‘“Huphrates River and Valley,” by Francis Rawdon Chesney, Lond., 1868. 


ion was foun 
; the rivers were 


ing the Euphrates River into the desert through one or more canals 
d marching his troops through the walls along the channel thus made 

lable. This feat is quite consistent with the known habits and yolume OF: 
scharge of the Euphrates as observed during the Nineteenth Century, 
ag Confirmatory evidence concerning both the variations and the stabilization fh 
of water resources lies in the rainfall records extending back more than a 
A x 0 yr at a few stations, mainly in Europe, and considerably more than 100 yr — ‘! 
at many other places. These records parallel the meager hydrographic records, P 
_ and both sources furnish valuable interrelated and, therefore, mutually a 
~ supporting data. PF iss 6 2: 
‘Tradition and history combine to give descriptive accounts of notable < 
floods and droughts in India and in China. The 1930 report of the -Eiuai) ae 
River Commission, Bureau of Engineering,’ lists the floods of 1649, 1741, 
" 1879, and 1921 as the outstanding ones on this important northern tributary 
of the Yangtze River. They were measured indirectly by the extent of the 
inundation on populated land, the total number of “districts” inundated being 
reported as 5, 11, 6, and 10, respectively, whereas the usual damaging inunda- 
tions affect only 3 or 4 such districts. With all available data before it, the — 
_ Commission adopted the flood of 1921 as the basis for designing the Huai 
* River regulation. Presumably, this decision was not entirely due to the high 
3 discharge rate, but also to the sustained yolume, which was reported as having 

- inundated 11740 sq km (4533 sq miles) to a depth of 1 to 4m (3.8 to 18.1 ft). 
It is noteworthy that the expected 100-yr flood on the Huai derived from a 
study of rainfall, is 15500 cu m per sec, whereas Fuller’s formula gives only 
; Reduced to English units, these rates become 548 000 - 


11700 cu m per sec. 
— and 414000 cu ft per sec, respectively, or 8.55 and 6.46 cu ft per sec per 8a 
which occurred in 1916, was 


mile. The maximum recorded flood discharge, 
42 900 cu m per sec (455 000 cu ft per sec, or 7.10 cu ft per sec per Sq mile), 
35-yr average frequency. The failure of levees 


of 1921 prevented even approximate measurement 


* 


ee perhaps representing a 30 or 
during the more severe flood 
of the maximum discharge. 
Tre River Nive ww Eeypr 
; Tt is freely admitted that the foregoing brief references to available long- 
| hat these data seem to show, should be 


period river-stage records and to w 
supplemented by further research in this inviting field perhaps in a separate 
stage data, so far as they 


paper. The presentation of fairly complete river- 
are now available and capable of interpretation, is limited herein to the Nile. 


River, in Egypt. aes 
The nilometer records are most notable with respect to antiquity, con- 
The annual inundation of the Nile Valley in 


A tinuity, and permanence. 
ag ation for the Huai River System,” Official 


6 “Projects of Flood Control and Irrig 
Tech. Rept. 1, p. 23, Huai-Yin, China, 1930. 


fair crops in the fall and -wittter.© A. fsa mal flood me: 
ings and deficient harvests; and well-sustained high water, at or 
_ —the stage insuring plenty—meant bounteous crops on more and mor 
fertile alluvial land, as long as the stage did not overtop the protective 
and islands of refuge. Thus, it happened that the most important annua 
~ event in Egypt was the Nile flood; and, therefore, records were engraved 
the cliff walls in various places, notably at Semna, a section of the Second ~ 
Cataract. In this locality, 179 distinct markings have been discovered dating : 
back to about the 12th Dynasty; that is, 1750 to 1800 yr B. C, or | 
- earlier. Of these markings 18 on the west bank are about 8 m, or nearly — 
0% ft, above the flood range of recent centuries, but the difference probably — 
reflects to a considerable degree the erosion in both channel walls and floor 
ae and does not necessarily indicate any pronounced or progressive change in 
_ discharge from century to century. ‘ ; 
ad On that fragment of an ancient inscribed monument known as the: a | 
“Palermo stone,” because it now reposes in the Palermo Museum, in Sicily, — 
there are notations regarding the successive ruling monarchs of the first five < 
dynasties, dating back to between 3000 and 3500 yr B. C.; there are 
also records of such important events as military campaigns and public festi- 
‘vals. These notations include mention of the rise of the Nile during several 
consecutive years, apparently recording a range between 1 and 8 cubits (2 to 
es 14 ft) somewhere in the Delta,° but with gauge readings usually about mid- 


ae way. Although it is difficult to tie these records to any particular section 

iy of the Nile Valley, they establish the importance of the Nile flood in making 

; oe Egypt the never-failing storehouse of grain for export, especially in periods 

‘ ie when droughts and famine prevailed in neighboring countries. Likewise, they 

af indicate the irregular distribution of flood heights over a range quite com- 
: parable with that observed in the past century, prior to the construction of 
: large regulative works. a 

$s Fortunately, several sections of nilometers, at various points along the 


stream channel, have been discovered, and their inscriptions have been 
i deciphered and correlated. Capt. H. G. Lyons’ states that the height above sea ' 
% level of corresponding points of the ancient nilometers in Egypt and Nubia 
i 


~ 


have been determined with the aid of bench-marks of the Irrigation Depart- 
ment, and that the zero points of the nilometer scales were found to lieina _ 
a line inclined to the north. In Nubia, according to Lyons, the line is sensibly i 
os parallel to the water slope, but north of Aswan it is considerably less inclined ] 
than the flood slope. As a consequence, a flood was indicated by a higher : 
reading on the nilometer at Aswan than on that of Roda, at Cairo. This is ; 
offered as an explanation of the statement found in the Egyptian inscriptions : 
i and the works of the Greek and Roman authors that, in very good years, the — 
Nile River rose 28 cubits (46.5 ft) at Elephantine, 21 cubits (36.12 ft) at 
Koptos, 14 cubits (24 ft) at Roda, and 7 cubits (12 ft) in the Delta. The 
altitude of the zero point of the ancient nilometer at Roda may be obtained 


®“gypt,”’ by James H. Breasted, V 
™“Physiography of the River Nile, 


actehert 


3 
i ol. 1, p. 51 et seg., Univ of Chicago Press, 1906. ; 
by H. G. Lyons, pp. 816 e¢ seq., Cairo, 1906. ; 


ometers. After computing the secular rise of the bed 
e that the flood levels about 3000 B. C. (which are recorded. 
ler 10 stone) and the later data concerning Nile floods given by the Gr 

‘n id Roman authors agree well with those of to-day. se Sx 
_ From the evidence he studied, Lyons was convinced that about 100 He D. 
+ the Nile often rose to 24 cubits (41 ft) and sometimes to 25 cubits (48 ft) 
on the nilometer scale on Elephantine Island, at Aswan, below the First Cata-_ 

_ ract so that the high floods of that time reached the level of 91 m (299 ft) 
above sea level. In 1874 they reached 94 m (308 ft) or 3 m (10 £t)- above) 
by the level of about 1800 yr earlier which corresponds to a rise of the bed of 
0.17 m (6.7 in.) per century at this point. If the mean flood level of the 
period, 1870 to 1906, is taken, the height becomes 93 m (305 ft) and the rise, 


0.11 m (4.3 in.) per century. Quoting Lyons:" . 


“At Karnak in 1895 M. LeGrain found a series of 40 high Nile levels 
marked on the quay walls of the great temple. They date from about : 
a 800 B. C., and the mean altitude given by them for a high Nile is 44.25 
meters [243.60 ft] above sea-level, while that of today is 74.93° [1906], showing 
a rise of the river-bed of 2.68 meters [8.8 ft] in 2800 years, or at the rate — 
of 0.096 meters [3.8 in.] per century.” 
In 1935, 76.93 m (252.3 ft) seems to be a better elevation than that 
- reported by Lyons (74.93 m, or 245.8 ft) in 1906. If 0.15 m (5.9 in.) in a 
century is assumed as the average rate of rise of the Nile flood-plain, due to 
overflow and sedimentation, the 10-m (38-ft) average thickness of observed 
alluvial deposits might represent about 67 centuries of growth. Other methods 
of reckoning based, for example, on the maximum thickness of sediment, or a 
the extension of the delta seaward, almost invariably indicate much longer i 
periods of geomorphic development. ie 
Similar conclusions regarding the rate of sedimentation follow the com- <a 
parison of maximum flood height during the reign of the Roman Emperor 
Severus (about 200 A. D.), and the maximum flood mark noted by the French 
savants during the Napoleonic Invasion, in 1800 A. D., was 211 m (6.9 ft) 
re higher.’ If those two floods and their available channels were comparable, 


the rate of aggradation of the Delta was = — 0,132 m (5.2 in.) per 100 yr. 
Incidentally, that rate seems to be slightly greater than the rate of erosion 
at the First Cataract, about 600 miles above Cairo, derived by a comparison 
of maximum flood crests, on the assumption that they were of almost equal 
magnitude near the beginning and the end of the last 1900 yr. 

The durable outcropping ledge of Syene granite (syenite) forming the 
First Cataract, at Aswan, from which great obelisks and other monuments 
Z were quarried for Lower Egypt and eventual transfer to other countries, 
oa accounts for the relatively slight erosion here compared with 8 m (26 ft) in 
5 about 3700 yr, or an average of 0.22 m (8.7 in.) per century, at Semna, on 


zu 874.25 + 2.68 = 76.93 m which presumably was intended. 
Os 9“Phe Nile in 1904,” by Sir William Wilcocks, p. 48. 
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the Second Cataract, where the outcropping stone is not so durable and 
where sandstone or other sedimentary formations predominate along the 
canyon walls. 

The only long-period continuous records now available for the Nile relate 
to the Roda gauge, at Cairo. ‘There is fair assurance that the gauge datum 
has been maintained throughout the thirteen centuries of record without 
change, unless the Temple of Roda, in which the nilometer column is located, 
has settled into the alluvium. The depth of the temple foundation, and the 
tradition that the gauge which was used throughout most of the Arabian 
epoch and thereafter, was referred to the datum and site of a much older 
structure, are items of evidence tending to insure the stability of the 
foundation. 

Incidentally, the graduation of the masonry column into plainly camera 
cubits, with the zero of the scale somewhat lower than was ever attained 
(according to the available records) in the 1300 yr following 622 A. D., is 
indirect evidence of its antiquity, if the zero represented the lowest previously 
observed and recorded stage. During the first 1000 yr of this record the 
lowest annual ‘stages approached within about 2 ft of the zero only five or six 
times, depending on which tabulation is adopted; but in 1531 and in 1621 the 
recorded low stage was only 9 digits, or 8 in., above the zero. Moreover, 
the graduations between the sixteenth and twenty-second cubit marks on the 
column are half cubits, whereas above 22 cubits (38 ft) they resume the full 
measure. This is explained by Lyons on the ground that the canals were 
opened at 16 cubits (27.5 ft), as was customary at the beginning of the 
Arabic epoch, about 641 A. D., and a half-unit rise at Roda meant a full-unit 
rise above the canal diversions; but at 22 cubits, the irrigation basins were 
ordinarily full, and no further diversion was necessary. As a further assist- 
ance in visualizing the units of the paper, roughly, in terms of their English 
equivalents, Fig. 2 includes three general conversion scales. 

It is understood that most of the records had a common origin, but the 
originals are not known to exist at the present time. There are various 
versions of parts of the records, transcribed by different authors either from 
the original documents or from other transcriptions. Wolumes'4 and 9 of the 
Memoirs of the Institute of Egypt (published in French by Prince Omar 
Toussoun during the period, 1923 to 1925) afford three different sources of 
data, all more or less interrelated, yet not identical. Ibn Iyas and others 
have compiled voluminous textual notes, which appear in part in Volume 9 
of the Memozrs and from which many data may be derived for various years 
from 769 to 1878 A. D. Some of these data confirm similar figures in tabu- 
lated form; others differ; and still other significant notes make cross-refer- | 
ences that agree with previous records and supply data for many years which 
are omitted in the tabulations. 

The record of Aboul Mehasin in Volume 4 of the Memoirs extends 
from the year 20 to 855 of the Hegira, or 641 to 1451 A. D., but all according 
to Mohammedan years of 12 lunar months, which are thus 11 days shorter 
than the solar years. Therefore, there are 103 yr per century of the present- 
day mode of reckoning. The longer tabulation published in Volume 9, in 
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“There would be definite advantages in publishing these tabular aatal in 


SS 
according to the ~ 


— pics and kirats, coudees and doights, or cubits and digits, 
various transcriptions, with their equivalents, in meters, above mean sea level; 
_ but they are too voluminous to present in this manner, especially for all three. _ 
_ main sources of data mentioned herein. The use of a chart on which all the ce 
7 data could be shown, and their trends compared, century by century, by con- 
ee necting successive century or other averages of maximum or minimum stages, 
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has seemed to be a more acceptable method of presentation. Naturally, the 
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longer tabulation, representing the latest and most nearly complete version 
of available data regarding Nile River stages, was adopted as the one to be 


——" te 
given preference. 


In Fig. 1, the various plotted points may be identified as follows: 


Applying to All the Records: 


y = five-year average for the data shown by dots, supplemented by 
— or (—) when the location of the dot is not given; 

ten-year average for data shown by dots, supplemented by — or 
(—) when the location of the dot is not given; and, 

% = one hundred-year average. 


Applying to the Roda gauge, at Cares 
— records compiled by Omar Toussoun” covering the 1300-yr 
period from 622 to 1921 A. D.; 
confirmation from textual notes for the records compiled by 
Omar Toussoun; when — is lacking an agreement is indi- 
eated between all three sources; 
records compiled by Aboul Mehasin,” covering the period, 20 to 
855 of the Hegira, or 641 to 1451 A. D., a total of 811 years. 
A small + indicates extra data, representing 95 surplus years 
of Mohammedan reckoning; 
— records from notes compiled by Ibn Iyas and others,” for the 
period 769 to 1878 A. D. 


records by Lyons;™ and, 
records indicating “wafa,” or the stage that assures plenty, at 


which the canals were opened to supply the basins; the maxi- 
* mum flood stage, ordinarily, was somewhat higher. 
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Applying to the gauge down stream from Aswan Dam: 
A = maximum annual river stages at the Aswan gauge above the 
assumed datum, 71.0 m, or 232.9 ft, above mean Mediter- 


ranean Sea level; 
es = maximum ten-day, average gauge heights, and, therefore, some- 
what below the actual maximum. 
Applying to the El-Leisi gauge, 37 miles up stream from Cairo: 
robs ae maximum ten-day average gauge heights, and, therefore, some- 
what below the actual minimum. 


10 Memoirs, Inst. of Egypt, 1925, Vol. 9. 

11 Loc. cit., 1928, Vol. 4. 

2 Zoc. cit., 1923 and 1925, Vol. 4 and 9. 

13 “The Nile Flood in 1905,” by Capt. H. G. Lyons. 


“two years later than that of Aboul Mehasin, gives 1 108 maximum 
al stages and 1025 corresponding annual minima during the 1800-yr 
from 622 to1991 A.D. 5 ; hve onenete 
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r to ccatinoe of the pcan ae es ead Fp tier marked Or 
ae El-Leisi gauge, 37 miles above Cairo. In all cases the read 
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10 Digits = 8.5875 Inches 


20 Digits = 17.1750 Inches 
28 Digits = 24.045 Inches 


Fig. 2.—CONVERSION SCALES 


Fig. 1 probably includes many items that represent river stages at the 
time of the festival attending the opening of canal gates, after which the flood 
ordinarily continued to rise to varying heights. According to tradition and 
historical references, furthermore, some of the flood heights were increased 
falsely in the records for the purpose of adding to the revenues from land 
taxation. There appear to be good reasons for expecting fully as wide ranges 
of variation for the maximum annual gauge heights as for the minima, except 
as the former may be affected by valley storage and flood-plain discharge. 

The data from Aboul Mehasin’s tabulation that differed by measurable 
amounts (say, 8 in., or more, on the adopted scale) are shown as short dashes 
crossing the grid lines; and those derived from or confirmed by textual notes 
are shown within parentheses. In this manner, it was found possible to 


supply about 65 additional maxima, so that a total of 1173 out of a possible — 


1300 are plotted, some with more than one value owing to the unexplained 
discrepancies among the records. These differences may reach 3, 4, 5, or 
even 10 cubits, but usually are less than 1 cubit. The data for the extra 
25 yr of Mohammedan reckoning are shown as short dashes between grid lines. 

For the 811 yr of concurrent record covered by the aforementioned two 
tabulations, about one-fourth the maxima and one-half the minima coincide, 
but if those in practical agreement or those differing by only a few inches are 
included, the proportions increase to about one-half and three-fourths, respec- 
tively. The textual notes of Ibn Iyas, El Gabarti, and others provide several 
coincidences of both maxima and minima, as well as at least an equal number 
of measurable divergences. Furthermore, they supply the sixty-five yearly 
maxima not found in either of the long tabulations. All these new data 
are shown in Fig. 1 as short dashes enclosed in parentheses. Agreement of 
textual notes with the data from the longer tabulation is indicated by paren- 
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gael d the individual dots or small groups of dots. Such a sy1 
r any year between 641 and 1451 A. D., without a dash, indicates agree 
meni of all three sources, as explained in the foregoing list of symbols. . 

It seems to be fairly well established, by tradition as well as by historic 


- revenues had been adversely affected by the drought. In years of assured 


records would seem to be lacking. However, there is considerable evidence 
z that a record was sometimes made of the stage at which the canal gates 
were opened, upon the assurance of a satisfactory water supply, after which 
the river may have continued its rise in varying unrecorded amounts. 
. Furthermore, a sudden or early recession. of the flood from what was at first 
considered to be a stage assuring plenty, or “wafa,” was occasionally followed 

_ by a partial famine, due to the brief duration, of high flood. Obviously, any 
neglected maximum stages would tend to counterbalance the artificial increase 
‘s of sub-normal stages as expressed in trends. eS 
ce a With full recognition of the obvious discrepancies in the records and the 
ie likelihood that many other errors and inaccuracies were incorporated which 
may never be detected (or at least are not detectable at this time) it is truly 
ba _ remarkable, nevertheless, how nearly the computed trends of rise apparently 
__ascribable to sedimentation, ranging from 0.10 to 0.15 m (3.9 to 5.9 in.) per 
century, are reflected in Table 1. 


TABLE 1.—Computep TREND OF Rise, Firoop Stacks OF THE Nius, ASCRIBABLE 
to SEDIMENTATION 


A. Years or RECORD Averace ANNUAL Low-WATER AVERAGE Rise FOR THE CUMULA- 
r] (A. D.): AND Fioop STaGeEs TIVE INTERVAL 
‘i Cumu- In Meters | In Feet 
By ea peapabovensiinlir Ge POVET o. In Meters per In Inches per 
in years | Mean Mediterranean Sea Level Cenvury, Century. 
From To at Alexandria, Egypt 
be wie 2s 
Mini- | Maxi- | Mini- Max- Mini- | Mazi- | Mini- Maxi- 
fe mum | mum | mum mum mum mum mum mum 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (il) 
622 721 100 11.51 | 17.50 | 37.8 yaw Wel Urseircns a On om Pr do ant a) Serio p iC 
1 422 1 521 900 12.52 | 18.21 41.1 59.7 0.13 0.09 5.12 3.54 


i 502 | 1621 | 1000 | 11.09] 18.71 | 36.4 61.3 |—0.05 | 0.13 |—1.97 | 5.1 
1 302 | 1721 | 1 100 | 11.66 | 18.34] 38.3 60.2 | 0.015| 0.084| 0.59 | 3.2 
1 722 | 1821 | 1 200 | 11.66 | 19.06 | 38.3 62.5 | 0.014| 0.14 | 0.55 | 5.5 

The year 1834 marks the construction of a main barrage below Cairo 
and the beginning of perennial irrigation in Egypt. The effect of this 
development soon after the severe drought that culminated in 1833, is more 
marked in the trend of minima than in that of maxima. The barrages raised 
the river bed, the release of storage water augmented the minimum flow, 
and the storage of a portion of the flood flow necessarily tended to decrease 
the peak stages. A study of the trends on the graphic composite record 
covering 1300 yr, especially between successive century averages (marked 


: references, that the records of some of the sub-normal Nile flood stages were " 
2 increased arbitrarily by order of unscrupulous rulers whose prospects of land — 


plenty, or abundant water supply, such sordid motives for falsification of — 


the i 
another 6 cubits (10.3 ft), owing to sSbeeioadts 
construction of the main barrage or diversion dam Faced 15 miilseniie 
his was designéd to raise the low-water surface about 3.2 m, or 10.5 ft, 
6 cubits (10.3 ft), and it actually raised the flood crests about 0.75 m (29.5 
Ret at the barrage, even with all gateways open or 0.25 to 0.75 m anak 
; ’ 29. 5 in.) at the Roda gauge.* OSL, | 
of 3 i ‘The first notable effort toward providing a reliable perennial ‘rigs 
supply for Egypt was evidently the Lake Moeris Reservoir project, described 
by Herodotus after his personal visit to Egypt about 450 B. C. The site © oat 
has been identified definitely as the fertile Fayum Basin of the present day, 
be with its saline lake’ occupying the lowest part of the valley, 140 ft below sea — 
- Jevel, in a manner similar to the Salton Sea in Imperial Valley, California. — 
The width of the canal supplying the reservoir was given as the equivalent — 
of about 300 ft. With an average depth of 25 ft during high flood and eb 
mean velocity of 4 ft per sec, the discharge would have been 30000 cu ft 
per sec, or 60000 acre-ft per day, thus requiring approximately 17 days of 
. continuous flow to deliver 1000000 acre-ft. It is plain that both the diver- 
_ sion and the storage quantities might have been considerably greater or less 
Mi than these values, but they afford at least an idea of the possibilities in the 
light of modern practice. 

Sir R. Hanbury Brown” derived the available storage dept and capaci- 
ties for Lake Moeris which are used in the following comments: Taking into 
account the present contours of the Fayum Basin, enclosing an area of fully 
630 sq miles under the level of ancient lake shells, or 22.5 m (74 ft) above 
mean sea level, and assuming the depth of usable storage for return to the Nile 
to augment the low flow, as 10 ft, intermediate between the high-water and 
low-water stages of the adjacent Nile channel, the net available volume is 
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found to have been about 3000000 acre-ft, or nearly the usable capacity of | 
a the Aswan Reservoir from 1912 to 1930, after the first enlargement and | 
ie before the recent one. The storage and release of this water, therefore, must 
a have modified the Nile discharge at Cairo, about 80 miles below the diver- : 
He sion canal leading to the Fayum Basin; but it appears that before 622 A. D., | 
4 the beginning of the nilometer record herein presented, Lake Moeris had been : 
abandoned as a storage project, and the rich alluvial lands of its bed had > 
r: been devoted to agricultural use, such as prevails to this day. In addition ; 
ey to this storage, the chains of natural lakes were doubtless operating as effec- ; 
ny tively in those ancient times as at the present, if not more so. Presumably, : 
‘ the natural processes of erosion and sedimentation would have tended to _ 


enlarge the lake outlets and to convert the shallower lakes or portions of them { 
into marsh land, such as now prevails on the White Nile above Khartoum. 

From what seems to be the best information and opinions thus far pub- 
lished and discovered in the present research, it appears’ that the storage 


““The Delta Barrage,” by Sir R. Hanbury Brown, Cairo, 1902. 
w*“The Fayum and Lake Moeris,!’ by Sir R. Hanbury Brown, Lond., 1892, p. 80. 
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“o and more than a century after, the visit of Herodotus, about 450 B. C..- 

a In spite of all the changing, uncertain, and erroneous factors that must 
Adi: be considered in connection with the records of stages of the Nile River, it is 
 pelieved that they disclose some important information; and there is a fair 
prospect that they may yield more data with further study and the cumula- 
tion of ideas of various students. 

Tt is readily apparent that the use of records covering only a single early 
century might yield an unreliable estimate of the frequency characteristics 
of the maximum stages for the total period. On the other hand, it is believed 
that, after eliminating the obvious errors in Fig. 1, such as 3, 5, or 10 cubits 
(5, 8.5, or 17 ft), and some lesser ones, and then applying an average rate 

of rise per century to indicate the increase of sedimentation on the flood- 

plains and the resultant rise of flood stages, any one of the first twelve cen- 
 turies of record may be found to qualify as a rough indicator of what should 
be expected during a longer period, such as 500 or 1000 yr. Furthermore, 
the comparison of the Toussoun data (plotted as dots in Fig. 2) and the 

Lyons data (marked / in Fig. 1) for the two centuries ending in 1902, shows 

several measurable differences, some of them systematic and nearly constant, 

and others of irregular amounts and sign; that is, alternating as positive and 
negative variations. In view of such discrepancies, of the ease with which 

a “3” may be read as an “8,” or a single unit changed in the 10’s column in 

Arabic numerals, and of the chance of other errors of transcription, it is not 

surprising that about 5 or 10 digits or cubits or other differences exist in 

the two tabulations covering 811 yr concurrently. The greater occasion for 
surprise seems to lie in the possibility of synchronizing the two time scales 

(Mohammedan and solar years), which has been done in such a way that a 

majority of the items are in actual or substantial agreement, for both maxi- 

mum and minimum annual stages. 

This presentation of what purport to be records or data derived in 
some way from actual records, is made with the hope that others may be 
spared the tedious work of computation, co-ordination, and plotting of the 
various items. Perhaps it may serve as a kind of groundwork on which 
comparison may be made between segments of this record, or between these 
data and others for rivers in the United States, proper account being taken, 
of course, of differences in drainage-basin characteristics and river regimen. 

Tt seems important to observe that the site of the Roda gauge, at Cairo, is 
virtually at the apex of the Nile Delta cone and that the opportunity of the 
stream to spread through a wide angle resulted in various conditions regarding 
the number of outlet channels. ‘Thus, some of the early maps outline six 
distinct outlet branches; others show three or four; and now there are only 
two well-established natural channels. Perhaps the combined capacities of 
the various canals in Lower Egypt, or even those restricted to the Delta itself, 


- at 
d regulative features of the Nile were not greatly changed during the first — 
1200 yr of the record plotted herewith; but that the developments during 
the final century of this record at least restored the quantity of storage and 
regulation provided by Lake Moeris for possibly sixteen centuries before, 
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is quite orohablen th F inde ie 
oon, of the annual flood heights ¥ were affected ‘more Ms ch 
¥ by variations in rates of flow. For example, a devastating ree may 
hoe owered the river heights temporarily as a result of scouring, or an 0 
tion may have increased them. The transfer of the main gauging operatio 
~ about 1870, to the Aswan site, below the First Cataract, avoided some of the . 
i disturbances that have been felt at Cairo from new irrigation developments _ 
‘since the British occupation. These Aswan gauge heights, above an asset 
datum, are superimposed on Fig. 1 with Roda gauge readings. 5: 
Attention is also invited in Fig. 3 to the plotted records of both panel 
- volumes and 4-month flood volumes at Aswan, beginning with 1870, as deter- 
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a Fic, 8.—FLoop DISCHARGE AND VOLUMES OF THE NILE RIVER AT ASWAN 


4 mined from the records of the Ministry of Public Works, of Egypt2® These 
. values may be read from the various scales in almost any desired unit of 
measure in common use. The decrease from the first to the latest decade 
of record seems to be due, in part, to climatic trends over the period of record, 
but perhaps it may reflect also the increased use of water in Upper Egypt and ~ 
the increased losses in storage or in transit due to recent works. ; 

Probably the most authoritative appraisal is that of the Physical Depart- 
ment, Egyptian Ministry of Public Works, as expressed” by H. E. Hurst, 
Director General, and P. Phillips, Director of the Hydrological Service: 


“One series of maxima and minima at Cairo extending from 641 A. D. to 
1450 A. D. is fairly complete. The outstanding feature of these is that over 
considerable periods, sometimes as long as 50 years, floods are above the 


*° Physical Dept. Papers, Nos, 29 and 81; also “The Nile Basin,” Vol. III and IV 
(Supplement). 


7“"The Nile Basin,” Vol. 1, p. 20, 1981. 
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ted attention of members of the Engineering Profession who are § 

ined may yet bring into view many facts and relationships 1o build up, 
er background of experience and to afford perspective covering long-time 
: nds of river behavior. Throughout the notable long-period records. 
recently investigated on both American and foreign rivers, ageregating 
thousands of years in length, it appears that no single flood event is com- . 
pletely at variance or out of character with what appear to be the natural — 
~~ and reasonable potentialities of that particular basin or river. system, as 
- jndicated by other similarly outstanding events of record. oe, My 
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fe sh DISTRIBUTION OF STRESSES UNDER | thee a 
. A FOUNDATION braaneg 
By A. E. CUMMINGS,’ Assoc. M. Am. Soc. C E. 


7 i e 


‘ Synopsis ‘ 4 
i ‘The question of the distribution of stress in the ground under a foundation ae 
has engaged the attention of engineers for many years. The problem has va 
q been studied both theoretically and experimentally and it is the purpose of . 

this paper to compare theory and experiment and to indicate several important — 
4 factors which must be considered when problems of this kind are being — 
‘analyzed. The symbols in this paper are introduced in the text as they occur 
: and are summarized for reference in the Appendix. An effort has been made 
ve 4o conform essentially with “Symbols for Mechanics, Structural Engineering, 
and Testing Materials’? compiled by a Committee of the American Standards" 
_ Association, with Society representation, and approved by the Association in 

~ 1982. 


; 


3 Tue THEORY, 


The problem of determining the distribution of stresses and strains in a 
semi-infinite, elastic, isotropic solid, bounded by a plane and loaded at a point 
on that plane by a single concentrated force, was first solved by Lamé and | 
Clapeyron® not long after the discovery by Navier of the differential equations u 
of elastic equilibrium. Their solutions in the form of quadruple integrals . 
are of little use for practical calculations. More recently the problem was , 
_ developed in considerable detail by Boussinesq.*. His solutions are much more x 
usable than those of the older elasticians and have become so well known that 
the entire problem is often referred to as the “problem of Boussinesq.” 
ee Fig. 1 shows the distribution of stresses across planes parallel to the sur- 
face as given by Boussinesq. The external force, P, applied perpendicularly 

Norse.—Discussion on this paper will be closed in November, 1935, Proceedings. 


1 Dist. Mgr., Raymond Concrete Pile Co., Chicago, Ill, 


2A, §,. A—Z10 a—1982. 

3“Sur Véquilibre intérieur des solides homogénes,” Savants étrangers de l’Académie 
des Sciences de Paris, 1833, Tome IV, p. 541. R 

4“Application des Potentiels a l’ftude de Vfquilibre et du Mouvement des Solides 


Flastiques,” Paris, 1885. 


which z is the depth ae the surface to the plane for which hacale nat 
Nae ras . + 2. At the point of sinters 3 


is made, and fyee= 


- Plane Boundary of 
Semi-Infinite solid 


Fic, 2—RELATIVE ForRMS OF STRESS SURFACE 
FOR DIFFERENT VALUES OF 7. 


De oft with any plane parallel to the surface, this stress may be resolved into 
three components as shown. The equations for these components as given 


by Boussinesq® are, as follows: 


‘ 
— — i sas ts An Oe wes es ee eee 
20 R : 
Le eee. (2b) 
Py ot ere Sc e8 «cs » Oem eee 
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It is evident from Fig. 1, that the two horizontal components, pe and py, are 


shears and that the vertical component, pz, is a normal stress. It is also to be 
noted, from Equations (2) that no elastic constants are involved. In connec- 
tion with these two facts a little further explanation seems desirable. 

The three stress components given by Equations (2) apply only to hori- 
zontal planes, that is, planes parallel to the boundary plane of the semi-infinite 
solid. For planes having other directions the stress distribution depends on 
the elastic properties of the material. In the general case the complete speci- 
fication of stress at a point within the solid would require six components of 
stress, three being normal stresses and three being shears, and the elastic 
constants of the material appear in some of these equations. Because of the 
fact that Equations (2) do not include any elastic constants, the statement 


5“Application des Potentiels,” p. 104. 
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foes Stic. oh ah See eo eee 
‘made’ that the distribution of stress Fjiderenddnt ch. Abksterbe on 
. This is not exactly true and Boussinesq himself, after calling = 
ntion to the non-appearance of elastic constants in the equations, stated’ 
that the distribution of stress across planes parallel to the surface is the same vi 
1 all isotropic solids. Abe; in ae 
As long ago as 1897, August Féppl® arrived at the conclusion that the fy 
) havior of earths under load was not exactly in accordance with the theory 
elasticity. He attributed this to the fact that the stresses and strains 
earths are not proportional in the manner required by the assumptions on 
ich that theory is based. In 1929, John H. Griffith? M. Am. Soc. 0. E., — 
d, in 1932, Dr. Ing. O. K. Froehlich,” published stress equations involying 
parameter which may be adjusted to suit materials other than the elastic 
tropia solids. The two derivations differ in several important respects, but 
ch makes use of the necessary condition of equilibrium between the summa- 
on of the vertical forces within the solid and the load applied at the surface. 
n the notation of Fig. 1, the equation given by these writers for the vertical 
ormal stress is, 


in. which n is a parameter that may have different values for different soil 
- structures and loading conditions. When n = 8 Equation (3) is exactly the 7 
| same as Equation (2c). In other words, for elastic isotropic solids stressed : 2 
* within their elastic limits, the value of the parameter, n, is 3. It is also — aS 
+ obvious from Equation (3) that the stress on the vertical center line of the a 

$ 


x load is directly proportional to n since the ratio, ay is 1 on this line. 


3 The general form of the bell-shaped stress surfaces computed from Equa- a 
tion (2c) is well known, and Fig. 2 shows ‘the effect produced on these sur- - 
es faces by varying the value of n. Because of this effect, n is sometimes called 
__a concentration factor. It is of considerable importance in problems relating 
+o earths and deserves much more attention than it has received. 
It is generally conceded that the vertical normal stress, pz, is the only 
~ one that needs to be considered as far as practical problems relating to the 
_ settlements of foundations are concerned. Its maximum values occur at 
points on the vertical center line of the loaded area (x = 0 and y = 0), where 
the shears vanish entirely. In the analysis which follows only the vertical 
~ normal stress on the vertical center line of the load will be considered. 
: The factor, P, in Equations (1), (2), and (3), is a concentrated load 
applied at a single point on the plane boundary. In practical problems relat- 
ing to foundations it is necessary to calculate with loads distributed over a 
certain part of the plane boundary. Boussinesq™ discussed a number of cases 


/ ®Progress Report of the Special Committee on Earths and Foundations, Proceedings, 
Am, Soc. May, 1933, p. 780. 


7“Application des Potentiels,” p. 106. 
8 “Versuche tiber die Elastizitit des Erdbodens,” Zentralblatt der Bauverwaltung, 1897. 


°“Pressures under Substructures,” Hngineering and Contracting, March, 1929, 


pp. 113-119. 
10 “Drukverdeeling in Bouwegrond,” De Ingenieur, April 15, 1932, p. B-52. 


1 “Application des Potentiels,” pp. 139-179. 
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nly distributed the integr singly 
as the experiments discussed su n were made with cir 
lates, the theese al analysis will be made for the circular bearing 
‘Two types of loading—uniform and parabolie— will be considered. % 
Fig. 3(a), is a representation in plan, and section of a load uniformly 
__-tributed over a circular bearing area; and Fig. 3 (b) is a aimilar Topreeees 
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Fie. 3.—LoAD DISTRIBUTION ON A CIRCULAR BEARING ARBA. ~ 


of a parabolic distribution that is maximum at the center and zero at the 
edges. Four different cases will be analyzed and in each case a formula will 
be derived for the vertical normal stress on the vertical center line of the load 
on a small element of area (Plane m-m, Fig. 8), at a depth, d, below the 
plane of the load. 
Case I—Uniform Distribution (n = 3).—This case has been developed by 
! Foppl.¥ The formula for the vertical normal stress produced by a concen- 
trated load is expressed by Equation (3) when n = 8 andz = d. 


Using the polar co-ordinates, r and 0, as shown in Fig. 3, the total load: 


distributed over the circular area will be given by, 


r=re 6=2T7 
p= [ mr ar an paket nak wanes (4) 
r=0 0=0 


“2 “Drang und Zwang,’” Vol. 2, p. 205. 
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r=0 @é=0 
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cating and simplifying: We yf 7 


ee 


pee II—Uniform Distribution (n = 6).—Equations (4) and (5) At Fe ; 
apply in this case and they may be substituted in Equation (3) when i = 
ae 2@ = d; thus: 


r=re @=27 


aa Pe @ 3 F 
= = LOR Eos titles pee 
ey hers : = ‘ i f. ii (8) 


; : r=0 @= 

Pein) and simplifying as in ‘Ole I, the resulting formula is identical y 

vith Equation (7), except that the three-halves power becomes the third 

_ power; that is, the quantity is simply cubed. 

~~ Case III-—Parabolic Distribution (n = $).—The equation for the vertical <j 

normal stress due to a concentrated load is again expressed by Equation (3) 

ener n = 3andz=d. Im order that Case III may be comparable to Case i, 

it is necessary to find a paraboloid of revolution with a volume equal to that 

x i the circular disk of Case I. These volumes represent the total load on’ the 
: _ bearing area. The equation of the parabola (Fig. 3(b)) will be taken as: 


p=2n(1-5) sa) inks hm ae (9) 


a The volume of the paraboloid is then: 


Dp = 2po 
2 
var (m- 22 )damen Lend saehed Sots Bate (10) 
j 2 Po 
ae 


a ; _ which 1 is also the volume of the disk. Using the po co-ordinates, r and 4, 
pe - the total load is now given by, 
j r—Te = 27 


iB sa <4) f? Do (: — =) B01 ia: ce ear ene pee, (11) 
a 3, 


r=0 0=0 


ee’ fee pan 6=2T7 3 a 
ee : Pz = Tee ae & r drab” Suess 
Ghe ‘ne kr ; 2a [d+ 7°}! r 3 
r=0 06> : 
_ Equation (12) may be ea by expanding the quantity in the squa 
__ brackets as a binomial series, then multiplying, and, finally, integrating i 
i by term. This as leads to the equation, 


hotles Gok b(n) EE G)- SO) 
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_. which infinite series is convergent only for d > re and, therefore, can be used 
a2 only at depths greater than the radius of the loaded area. 

Case IV. —Parabolic ‘Distribution (n = 6).—Equations (5) and (11) apply _ 
to this case, and they may be substituted in Equation (3) (with n = 6 and | 


f 
i 


S ; 5 a= d), giving, ! 
a %. r=re 6=27 i; 
Be p= f ie 2D (: -=) rdrd@ .......(14) ©] 
s w (etry : ry r, ee | 
2 r=0 0= e 
and simplifying as in ae III, the resulting formula is identical with Equa- — 
tion (18), except that the numerical coefficients of corresponding quantities 
become 3, 4, 5, 6, 7, ete. This series is also convergent only for d > re. By 
et, a transformation to trigonometric functions, Froehlich* has derived expres- — 
sions similar to Equations (12) and (14) in a closed form instead of the : 
infinite series of Equation (13) and its parallel in Case IV. ‘ 
“a Equations (7) and (13) and their respective parallels in Cases II and IV 5 
Z may be used to make theoretical calculations for comparison with the stresses 
ty measured in the experiments. 
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THe ExpPerIMENTS 


Among the earliest experiments made to determine the distribution of i} 

: vertical normal stresses on horizontal planes at various depths beneath a “=e 
loaded disk, were those of Steiner-Kick™ at Prague, in 1879 (see Table 1(a)). 

° These experiments were made with sand and the bearing area was a circular | 
disk 10 cm in diameter. In 1909, at Graz, Austria, Strohschneider™ experi- 

mented with small circular disks 1.5 em in diameter, subjecting them to loads 

of a few kilograms (Table 1(b)). He made his experiments with sand and mea- f 

sured the vertical normal stress on horizontal planes at depths to about 4 cm 


* “Druckverteilung im Baugrunde,” Julius Springer, Vienna, 1934. 


* Handbuck der Ingenieurwissenschaft 1 
&. 195, Tainaee eae g wissenschaften, Aufi., II, Bd.; Der Briickenbau, 2 Abt., 


2°“ Hlastische Druckverteilung, 2 ro ee d. Kais. Akad. d i : 
in Wien, Vol. 71, Abt. Ila, February, 1912 299. Nc ea ; 


ments," in 1917, at ed sie Bek: seen of Public Roads erect : 
d 1(9)). For eee areas Goldbeck used circular disks of differen ist 


S ai 
mJ “TABLE ree ey coe or Resutts; Distripution oF VERTICAL Nomi 
i Stresses BeneatH Founpations 


Diameter, D : 
2 _Dzrts, be re) OF THR ane oor, Hie Values 
_ MBAsuRED IN: ADED : ; = of pz ex- es 
Maieuken ur Ratio, pressed || Depth, d, =2 0 of | Ratio, prodied Depth, d, | Ratio, patel 
— | as per h & | as per- measured a a8 per- ae 
ee wes -| Te | centages || in inches lonted te | centages || iminches| 7, centages tS 
meters | Inches) meters | Inches ae plate bane a |e ee 
— (1 G@) | (1G) 1 2 @) 1@@®)t @) (4) (1) (2) (3) (4) (1) | (3) (4) 
(f) A. T. Gotppucx; Srrms © 
(a) Srernen-Kick (e) M. L. Enezr I (Continued) ; 
; ‘ (D=13.5 IncuEs) 
38 36. | 2.11 50 48 711. | 23.9 nee 
30 36 1.67 74 48 Tl 4.28 
24 36 1.34 111 48 7.11 4.28 
18 36 1.00 160 Average | ... 4.17 
12 36 0.67 184 60 8.89 2.38 
60 8.89 2:86 
30 30 2.00 64 60 8.89 2.29 
24 30 1.60 101 Average 2.51 y 
18 30 1.20 136 wa 
12 30 0.80 199 (g) A. T. GoupBEcK; 
Surims IT 
38 21 3.62 18 (D=8 .0 IncHss) 
30 21 2.86 38 
24 21 2.28 72 6 1.5 116.5 
18 21 1.72 108 6 1.5 98.3 
12 21 1.14 139 6 1.5 93.9 ‘ 
a 6 1.5 94.5 rag 
(f) A. T. Gonppsck; Serres I 6 1.5 94.3 as 
Average es 99.5 ’ 
12 13.5 1.78 79.5 * 
12 13.5 1.78 15.7 12 3.0 36.7 3 
12 13.5 1.78 81.5 12 3.0 49.1 ; 
(d) Kéeizr anp Scuzric; Serres IT 12 13.5 | 1.78 89.1 12 3.0% 45.5 z 
Average ayeF sre 81.5 12 3.0 45.0 
a 4 13.5 | 3.56 19.8 Average | .... 44.1 fa 
ig 10.0 3.9] 45.0 0.45 220 24 13.5 | 3.56 26.7 24 6.0 8.33 
. 20.0 7.9 45.0 17.7 | 0.89 100 24 13.5 3.56 25.7 24 6.0 | | 8.33 
ee 30.0 11.8 | 45.0 17.7 | 1.33 80 Average 24.1 24 6.0 7.22 
: 40.0 | 15.7 | 45.0: | 17.7 | 1.78 65 36 13.5 | 5.33 8.7 24 6.0 8.75 
50.0 19.7 | 45.0 17.7 | 2.22 48 36 13.5 | 5.33 9.1 24 6.0 8.56 
~ 60.0 |-23.6 | 45.0 | 17.7 | 2.67 31 36 13.5 | 5.33 10.7 Average ] .... 8.24 
Average 9.5 36 9.0 3.33 
36 9.0 3.33 
36 9.0 3.93 
/ Average | .... 3.53 ty 


sand at depths to 60 in. below the plane of the load. At the University of 
- Tilinois, M. L. Enger, M. Am. Soc. C. E., conducted further experiments” 
of the same kind, using circular plates of various sizes to 36 in. in diameter 
- (Table 1(e)). At Freiburg, Germany, Kogler and Scheidig have concluded 
an extensive experimental program” which included the measurement of 
stresses produced in sand fills by loaded plates on top of the sand (Tables 
1(c) and 1(d)). 


Ao we) i ee ee ee ee 

16 “Distribution of Pressures through Earth Fills,” Proceedings, Am. Soc. for Testing 
Materials, Vol. 17, 1917. 

, 17 Second Progress Report of the Special Committee on Stresses in Railroad Track, 

oy Transactions, Am. Soc. C. H., Vol. LXXXIII (1919-1920), p. 1409, and Vol. 93 (1929), 


p. 3872. 
fi 18 “Druckverteilung im Benernns ” Die Bautechnik, 1927, Heft 29 und 31; 1928, 
Heft 15 und 17; 1929, Heft 18 und 22. 


Rau maae ty ae the loaded ar , express a 
load on the bearing area. The auhraue load is s simply | the 

to the plate divided by the area of the plate. 
Fig, 4 is a graphical representation of these experimental eae toget 
with the four theoretical curves represented by Equations (7), and ao oi 
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Fig. 4. Fic. 5.—NUMBRICAL DXAMPLE } 
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Cases I and III, and their parallels for Cases II and IV. Before considering 
the relationship between the curves and the experimental points, it is desirable 
to notice several remarkable facts about the experiments themselves. In time, 
they cover a period of about fifty years. Geographically, they represent sev- i 
eral places on two continents. The sands that were used came from various | 
sources and the stress-measuring devices were of different kinds. The appara- ‘| 
tus ranged from the miniatures used by Strohschneider to’ the large. plates 

used by Enger. Notwithstanding these many possible variables, hss is a 

most noticeable uniformity in the results of the experiments: 


is ‘ES i 
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abolic distribution (Cases III and IV) the curves continue out tow 
e right and these particular curves plotted from the infinite series. of Equa: 


. (17) and its adaptation to Case IV become asymptotic to the ina eects 
_ With the finite integrals obtained by Froehlich” for the parabolic Tata 
the curves turn. upward and give a stress under the center of the plate at the ‘ 
; urface which is 200% of the average surface pressure, In the region repre- Ve 
sented by Fig. 4, Froehlich’s integrals and the infinite series give the same 
e. ults. The importance of the parameter, n, of Equation (8) is clearly indi- as 
. cated by the curves. Stress calculations based on the theory of elasticity in : 
. which n is 3 (Cases I and II), give results at any depth on the vertical 
center line which are much smaller than those calculated with n = 6 (Cases 
' II and IV). The character of the pressure distribution at the surface (uni- 
_ form or parabolic) is especially important near the surface but loses its impor- 
tance as the depth increases. This is evident from the fact that the curve 
a of Case I (uniform) is the same as the curve of Case III (parabolic) at 
i? depths greater than about twice the diameter of the loaded area. The same tt ‘* 
© phenomenon applies to the other pair of curves. Re E 
}. It is easy to note which of the four theoretical curves gives the best inter- 
| pretation of the experiments. The distribution of pressure at the under side 
fe _ of these test plates was approximately parabolic and the parameter, n, was 
approximately 6. Both these factors are required to account for the measured 
| __ stresses. ; 
= Tt seems desirable to point out the fact that the distribution of pressure 
on the surface is not necessarily parabolic in the manner shown in Fig. 3(b). 
' ‘The surface pressure might be a maximum at the center and zero at the edge, 
but it can vary from this range to a distribution that would be a minimum 
be at the center and infinite at the edge. Boussinesq” has discussed several of 
- these possible surface distributions and, in general, they depend on the rela- 
_ tive elastic properties of the two bodies in contact. For a square or a rec- 
_ tangular area the distribution of pressure at the ground surface can be fairly 
complicated as has been shown experimentally by Frederick J. Converse,” 
Assoc. M. Am. Soc. C. E. A. E. H. Love” has given a theoretical analysis 
of the problem for both uniform and variable pressures over rectangular bear- 
ing areas. In most practical problems involving large bearing areas, it is 
= customary to divide the large area into a number of small areas and then to 
make the stress calculation for each of the small areas and add the results. 
A non-uniform distribution can be treated in this manner by varying the 


19 “Druckverteilung im Baugrunde,” p. 52. 
20 Application des Potentiels,” pp. 149-166. 
2 “Distribution of Pressure Under a Footing,” Civil Engineering, April, 1933, Vol. 3, 


Vs No. 4, p. 207. 
; 2 Philosophical Transactions, Royal Soc. of London, Vol. 228, Series A, 1929, p. 377. 


ace Eahapan 
ery little experimental oes Soe hats a fax tie, ie c 
. distribution of pressure in the contact area between the 
t However, it is very probable that this pressure Aigiribahaen va 
some extent with the load itself. For very slight loads or for very large 4p. 
earing areas the pressure is approximately uniform and the parameter, n, is a 
ipproximately 3. As the load is increased or as the size of the bearing area ) 
is decreased the pressure at the contact plane becomes non-uniform and, at | 
the same time, the value of n increases to 6 if not higher. The value of rates 
also depends to some extent on the elastic properties of the soil. A value of 3% 
can be used only for elastic isotropic solids stressed within their elastic limits. — 4 
A very hard dry clay, not too heavily loaded, would behave approximately as _ 
an elastic solid, and n =’ 8 would be nearly correct for this kind of material. 
Granular soils offering almost no resistance to tension cannot act as ates ~- 
- solids and, in such materials, n has values which may be as great as 6. 
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NuMERICAL EXAMPLE 


Figs. 5(a) and 5(b) show a footing 16 ft square which is to be built on a | 

- 15-ft stratum of sand, overlying soft clay. It is desired to know the vertical 
. normal stress that will be exerted on the top surface of the clay. The footing 
ts is subdivided into small squares each 4 ft on a side and because of symmetry 

there will be only three types of squares, designated A, B, and C. The load 
P will be assumed as concentrated at the center of gravity of each square, and 
the horizontal distances from the center of the footing to these centers of 
oe gravity are shown in Fig. 5(a). Fig. 5(c) shows this footing with a uniform 
distribution of surface pressure of 4000 lb per sq ft. The total load is 
1024000 lb. Fig. 5(d) shows the footing with a non-uniform distribution of 
pressure similar to the experimental determination of Converse. The pres- 
sure is more than the average in the center squares and less than the average 
in the middle of the sides and in the corners. The total load for Fig. 5(d) 
: is also 1024 000 lb. 


a TABLE 2.—Srress Computation; Numerican ExAMPLe 
; (¢ =d = 15.0 feet) 
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(a) Unrrorm Loap (b) Non-Unirorm Loap 
Sa r 
‘ Radius Vertical Normal Vertical Normal 
‘ Type (see | Number | vector, Stress, in Pounds per Stress, in Pounds per 
Bige5(2)) 1 of aores R, in Concen- Square Foot oan Square Foot 
feet trated. |_———_________ — ———————— 
load, P, By Total (Col- By Total (Col- 
in pounds } Equation | umn (2)) x | in ee Equation | umn (2)) x 
(3)* —|(Column (5)) (3)t —|(Column (8)) 
(1) (2) (3) ‘ (4) (5) (6) (7) (8) (9) 
fae 4 15.3 | 64000 | 123 | 492 | 96000 | 349 | 1000 
7 pera HR 8 16.3 64 000 90 720 60 000 131 i ret 
ape teint 4 17,2 64 000 68 272 40 000 57 228 
pL Oba viills:s\cisicns, tel eae. har<e en meee nea eee 1 484 


cordance with the theory of elasticity; that is, n = 3. The total 
d on the top surface of the clay on the vertical center line of the footi 
.484 lb per sq ft. Table 2(b) refers to Fig. 5(d); and, in addition to the 
a-uniform pressure distribution, it is assumed that n = 6. The calculated 
3 is 2 672 lb per sq ft, which is almost twice that of the other assumption. — 


Nea 7 . 
pee SuMMARY AND CoNCLUSIONS 


mf In most problems of soil mechanics dealing with the probable behavior ot 4 
foundations, the first requisite is a calculation of the stresses produced in the ; 
‘underlying strata by the foundation loads. The accuracy of the subsequent 
calculation of the effects produced by these stresses will depend on the degree GE 
~ of approximation obtained in the calculation of the stresses themselves. For 
' the problem of the calculation of the stresses, it is believed that the foregoing 
_ analysis leads to two important conclusions: (1) The manner in which the 
_ pressure is distributed over the contact surface must be considered; and _ 
(2) the equations of the theory of elasticity must be modified before they can 
_ be applied to soils. 

Conclusion (1) is particularly true when the depth for which the computa- 
tion is being made is equal to, or less than, the diameter of the loaded area. 
Tt is to be understood that Equations (7) and (18) for Cases I and III, and 
- their adaptation to Cases II and IV, are not offered for immediate use in the 
solution of practical problems. These formulas can be used only when the 
- practical problem fulfills all the conditions under which they were derived. 
| Most practical problems involve bearing areas other than circles and the dis- 
tribution of pressure under the foundation is neither perfectly uniform nor 
- parabolic. However, a reasonably accurate determination of the stresses can 
' be expected only after a careful consideration. of the probable pressure distri- 
— phution at the contact surface and a-proper choice of the value of the para- 
meter, n. As a general rule, it is not satisfactory to assume that the pressure 
at the surface is uniformly distributed and that the equations of the theory 
of elasticity can be used without modification. 
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APPENDIX 


Notation 


depth from ground surface to a given plane. 

a subscript denoting “edge.” ae 

; a parameter with values that vary with different conditions; a 
oi concentration factor. 

a subscript denoting uniform distribution. 
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veins distance. 


_ SOME LOW-TEMPERATURE CHARACTERISTICS 
OF BITUMINOUS PAVING COMPOSITIONS 


‘e igh , BY HucH W. SKIDMORE,” Assoc. WAM MP SOG) CITE: 


a ab Synopsis | 
| F Stability at temperatures approximating hot-weather temperatures in the | 
4 pavement has become thoroughly established as a basic requirement of bitumi- 
nous compositions. Means of measuring and rating this important property 
z have been perfected as a result of laboratory experiments and have been proved 
sound through several years of practical application. Two contemporary 


tests have evolved with resistance to shear the basic principle of both: In one. 
(the extrusion test) the shear is measured indirectly and in the other (the 

- direct test), simple shear is measured directly, and values are expressed in 
pounds per square inch. The latter method is distinctly convenient in com- 
cz paring a variety. of compositions which may have been tested in cylinders of 


from 1 in. to 6 in., or more, in diameter, since values by the extrusion test 
are not reducible to unit loads. 

Although much work has been done in connection with summer tempera- 
_ ture characteristics, with the result that the elements of mixture design i 
involved have become thoroughly understood, little, if any, study has been - 
~ made concerning low-temperature performance in paving compositions. With ; 
the thought that such an investigation should throw much light upon sev- 
eral questions that have long been unanswered and have given engineers 
much concern, the results of a systematic course of study, begun in 1931, are 


reported in this paper. 


INTRODUCTION 


It was recognized that some engineers have avoided the use of bituminous 
- pavements because they were not always certain of the capacity of these types 
to withstand winters, although it is well known that many bituminous com- 

positions have withstood severe low temperatures for long periods. Just why 


Nortr.—Discussion on this paper will be closed in November, 1935, Proceedings. 
1Pres., Chicago Paving Laboratory, Chicago, Ill. 


; erika may arses ite i or they 3 may become brittle, and rave 
temperatures. Definite means of avoiding these faults have not been at ha 
because scientific data have not been available with reference to the chara 
istics of bituminous paving compositions over a wide range of temperatt 
yeaah _ particularly low temperatures. z 
One of the early disclosures in experimental work with stability at tertiets 
tures above normal air temperature was-that mixture resistance to shearing — 
forces mainly resided in the mineral structure (especially the finely divided 
mineral filler) and that the bituminous cement was of decidedly secondary _ 
importance. Although there were noticeable differences between various — 
- cements in a given mineral structure, and although differences in consistency 
of a cement accounted for some change in stability, these differences were of — 
minor importance as compared with those in stability that were due 
- specifically to changes in mineral composition. 
One of the first items of significance encountered in studying mixtures at ~ 
low temperatures was the important réle of the bitumen in such mixtures, 
- both with respect to its normal consistency and to its inherent qualities, such 
as may result from refining methods or from the parent crude oil. As the 
: temperature is reduced, the bituminous cement becomes more and more 
. _ the outstanding factor in the strength of the composition. For example, there’ 
‘ are obvious characteristic differences between straight-run materials and 
cracked or oxidized cements; and there are equally as distinctive differences 
between tar and some asphalts and between asphalts from mid-Continent, 


; California, and South American sources. Such facts were suspected, but 
OG certainly they were not actually known until the studies were undertaken. 

mS. Although the data reported herein pertain to sheet asphalt mixtures of the 
wt hot-mix type, sufficient work has been done with other compositions to demon- 


4 strate that typical characteristics as disclosed by these studies are common 
to bituminous paving compositions in general. Important avenues of further 
investigation with reference to specific differences between fine and coarse 

_ aggregate mixtures, hot and cold-mix types, and other such comparisons, are 
clearly indicated. 


Composition oF Mixtures Stupiep 


In order to develop a general comparison of the twenty or more cements 
included in this study, a normal sheet asphalt composition was chosen, with 
the bitumen the only variable. The commonly used consistency of 50 to 60 
penetration was selected, with a few examples of a given cement over a com- _ 
plete range of consistencies from low to high penetration. Normal mix- 
tures were designed with bitumen filling the voids in the dry, compacted, 
mineral aggregate. Variations from normal design were also studied with ~ 

_the bitumen content both less and more than mineral voids. A moderate _ 
y filler content of 20% by weight of total mineral aggregate (about 14% of | 


mineral passing a 200-mesh sieve in the finished mixture) was used in the 
main group, with more, and less, filler used in one group to determine 
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sand of ‘controlled grading, obtained from a single source, was selected. 
is recognized that, in all likelihood, similar mixtures with sands from other 
urces and gradations would produce different values, but extensive investi- 


tic. order of values for any given aggregate material and that, in so far, as 
actical sheet asphalt gradations are concerned, the order of stability is rather 


well defined, depending mainly upon filler content for marked increases or 
. 3 decreases. Hence, it was felt that although the studies of a variety of sands 
and fillers would be interesting academically, the chances were slight that 
any really vital information would be developed by such studies. 
fu. The Lake Michigan sand that was selected is common to the territory 
- jn the Great Lakes region, and has been used for many years in asphalt paving 
construction. Although it is not the best sand encountered, it has the advan-: 
_ tage of extreme cleanliness, uniformity of composition, grain shape, and size 
within the range of material passing any given sieve opening., The sand was 


separated on the 10, 40, and 80-mesh sieves and recombined to a definite 


grading as follows: 


Percentage passing the 80-mesh sieve, and 


retained on the 200-mesh sieve......----> 91.6 
Percentage passing the 40-mesh sieve and 

retained on the 80-mesh sieve......------ 47.3 
Percentage passing the 10-mesh sieve and 

retained on the 40-mesh sieve......--+---> 31.1 


Total (percentage).....-- 


The specific gravity of this sand was 2.65. 
Mineral Filler—The limestone dust filler has also been used extensively 


in the Chicago area for many years. It is made by pulverizing a hard; dur- 


~ able white limestone and, in the tests, had the following characteristics: 


Percentage passing a 325-mesh SICVGr ae ae ete 61.3 
Percentage passing a 200-mesh sieve and 
retained on a 325-mesh sieve.......----- 15.0 


Percentage passing a 80-mesh sieve and 


retained on a 200-mesh sieve......-- 93.0 


The specific gravity in this case was Dale 
Sand-Filler Aggregate. oids were determined? for several sand-filler pro- 


portions such as 0, 12, 20, 25, 30, and 100% of filler. Fig. 1, which is the 
-vyoidage curve for these two minerals, is the basis for calculating the bitumen 


2 Symposium on Mineral Aggregates: ‘Fine Aggregate in Bituminous Mixtures,” by 
Hugh W. Skidmore, Proceedings, Am. Soc. for Testing Materials, 1929, D. 788 (also 
reprinted in Roads and Streets, October, 1929); “Sheet Asphalt Mixture Research,” by 

1925 (also reprinted in Roads and 


Hugh W. Skidmore, Proceedings, Wisconsin Eng. Soc., 
Streets, April, 1925). 


tions in the past have indicated quite conclusively that there is a character- — 
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Bituminous Materials—The characteristics of the twenty-four cements in 
the main group of mixtures are detailed in Table 1, together with such addi- 


TABLE 1.—CnwaractTeristics or Biruminous CEMENTS 


Py q = r 2 < ; ; 
a) S od 7) 8 g : > 2 
Source = 3 g s3|°ec § Se| = 33 
> ; aR 2.) 6 = a 3= a3 3 
¥: at a $ -8 mS ay ° = 5 on 
ae es (be lslecles| ee [ae| a | i 
ONE g = nS co g = ® = es | 3 a 
a 2 {2 |2 |2 |= | {8 | 4 la 
+3 7 ia ae he ee eee PEE So; ett es BS. Se ieee eS 
Bi 1 | California...... il 400t| 150¢ | 14.5] 0 0.377 | 15 1.014 | 99.9 
2% 2 | California...... 53 8 | 400+] 150t] ....]0.5 |..... ...- | 1.020] 99.9 
“a 3 | California...... 7 } 4004] 1507 | 11.0] 0 0.430 | 17¢- | 1.019 | 99.9 
4} Coal tar........ 1 | 4007) 121 | 0 |/0 0.045 | 0.75) 1.181 | 93.2 
ay 5 | Pennsylvania’... 10 380 | 1507 | 0 0 0.120 | 3.5 j-1.118:)..... 
pit 6 BX100.c0.06.. 16 225 | 150t | 10.5 | 7.5 | 0.180 | 11.5 | 1.040] 99.9 
* 7 | Mexico......... 17 248 | 150T -» | 7.25 | 0.160 | 9.0 | 1.031 | 99.9 
8 | Mexico......... ] 14 215 | 1507 | .... | 6.75 | ..... -.ve | 1.040 7 99.9 
zt 9 | Mid-Continent..| ................. 21 | 261] 126 | 5.5) 5.0 | 0.074] 5.5 | 1.014] 99t 
_ 10 | Mid-Continent..} ..............:..| 52 19 221 | 150f | 5.25) 4.5 | 0.111 | 5.0] 1.005 | 997 
: 11 | Mid-Continent..| ..............005 48 14 215 | 100.0] .... | 4.75 | 0.193 } 5.75) 1.018 | 99T 
12 | Mid-Continent..} ................. 60 23 226 | 150 6.25 | 0.1383 | 6.5 | 1.010 4 
TAD AW VOIDINE Sine'cioie |. Alex esivait tence oe 52 16 2 5.75 | 0.1572) 5.75) 1.029 | 99 
14 | Arkansas....... Vacuum and steam} 49 | 18 | 234 /§150t] 5.5 | 4.75 | 0.162 | 5.0} 1.027] 99f 
\ 15 | Arkansas....... Vacuum and'steam; 
¥ oxidized........ 56 28 185 | 62 5.75} 5.5 | 0.053 | 6.0} 1.016 | 99t 
wo 16 | Mexico.........| Oxidized......... 56 31 123 3.5] 0 0.070 | 3.541.017 | 99t 
fe U2 Weragics cc ys ccs pe Ti Seiks 52 | 14 | 235 | 150t 5.0 | 0.1975] 5.0 | 1.009} 99 
: 18 | Texas blend....| Partly oxidized....| 51 22 202 6:5 bho 0.096 |} 6.0] 1.011} 99 
19 | Colombian..... Flash-vacuum oxi- ; 
i eae ne eres 52 | 15 | 219 | 150 | 5.75) 5.0 | 0.187 | 5.0] 1.005} 99 
20 | Venezuela...... WORTATK celts cate 54 16 243 | 150f 6.75 | 0.186 | 9.0] 1.030 | 99T 
ie 21} Bermudez...... 
ET re ie ee + fla een, 53 17 290 | 58 7.5 | 0.240] 10.0] 1.061] 97.7 
ph 22 | Blend.......... 52 | 16 | 204] 150t | 7.751 6.0 | 0.127] 6.5] 1.056 | 997 
| 23°) ‘Trinidad. : 2.27% ' 
I he Ma NS fax. mene din 54 | 18 | 251] 62 5.25 | 0. o}1. 
fs BE hteaiaas ee, op 5 | 0.2235) 8.0 | 1.257 | 69.2 
ee eT PT ag NE Buxcigornaies 53 > Ot OY oe et) ene, Sead ey 71.9 ' 
tate 
+ Day ci Br SRE a Ee NG We ree ewe Talat ee 
i * Cracked kerosene residuum. tAmerican Petroleum Institute. Test described in Journal i 
iF and Engineering Chemistry, Vol. 6, No. 12, p. 976. ; seihed ta Jonna Aeaeae! 
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ws : Pee nS et Ty eh ee 
g samples of represe ry of three : Tu 
ation were requested: 40-50, 50-60, and 60-70. Although the 
rations represent the grades commonly used in paving construction, it 
3 considered desirable, after much work had been done, to include some 
softer materials, and these were secured in some cases. orc, 
‘Specimens 4, 16, and 24, Table 1, were three special cements prepared in 
laboratory. For Specimen 4, a vertical-oven gas-house tar was reduced 
‘grade by steam distillation. The crude tar showed the following 


racteristics : , 


_ Water content (percentage by ANCL TG) 2 ce wich os Line 
 Specifie gravity (at 25° C.)....... eee ee ee eee  L.0eS 
Viscosity (in seeonds, Saybolt Furol) at 50° C. 21 
Viscosity (in seconds, Saybolt Furol) at 40° C. BT 25 Bee 
Viscosity (in degrees, Engler, specific) at 40° C. 8.7 ate 
(s Percentage soluble in carbon disulphide....... 98.2 4 
‘ Distillation (percentages by weight) to: 
Reet CG Pee ow oa G ies cals age ess te 0.72 
Bao iene srs ot a ae So ara oe ne bag 14.12 
DITOR 9956 SOA) e LES 98084 
Be OT eee > teeetndls 00 Ses digiias oii 32.61 
; E Softening point of residue.........--+++++++- 106° F 
Pe 
- For Specimen 16, a regular Mexican flux (gravity, 11°, American 


\ 


- Petroleum Institute) was blown to grade in the laboratory blowing-still. This 
material had a penetration of about 200 before blowing. For Specimen 24, 
a, refined lake asphalt from the Island of Trinidad was fluxed to grade with 
the same Mexican flux used in manufacturing the oxidized Mexican cement. 
Tests were made for cementing value, with contained mineral present. 

ag 3 

_. Supplementary comments referring to Table 1 should also be made regard- 
“iy ing Specimens 5, 15, 19, 21, 22, and 23, as follows:| Specimen 5 was a syn- 
thetic asphalt derived from residual, cracked kerosene; Specimen 15 was run 
- to a penetration of 150 to 200 and then blown to grade; Specimen 19 was a 
 flash-vacuum residual of 100 penetration, blown to grade; in the case of Speci- 
~ mens 21 and 23, tests for cementing value were made with contained mineral R 
"present ; and Specimen 22, identified in Table 1 as a “blend,” was probably 
a blend of steam-refined Venezuelan, and cracked domestic asphalt. 


PREPARATION OF MIxTURES 


: Sand-filler aggregate was thoroughly mixed dry and heated to 850° F; 
then it was mixed thoroughly with hot asphalt cement at the same tempera- 
ture. In the case of the more fluid binders, such as coal tar and the cracked. 
-asphalts, lower temperatures were used for both aggregates and binders, 
‘depending upon the viscosity of the bitumen. Some were heated to 325°F, 
some to 300° F, and the tar, to 250° F. In this particular the best field 
practice was simulated. 
During the preliminary experiments, mixtures were prepared in a small, 
- laboratory, power mixer, but the practice was abandoned in favor of careful 


n aree was ddetiéal eae 

was A no manner rated! as ane with actual practice, since open 
e i of the pug-mill type are still predominantly characteristic of asphalt p 
manufacture despite important advantages inherent in sealed rotary mi 
Each mixed batch was then weighed into the small batches to be mould d 
into the set of test cylinders. The small batches were stored in an oven at 
mixing temperatures ere the few moments eechret for moulding. 


yee or Test CYLINDERS ay 


The normal size of compressed cylinders for sheet mixtures has commonly 
been 2 in. in diameter by approximately 1.5 in. in depth. For ordinary 
temperatures used in testing for stability, this is quite satisfactory for the 

capacity of the testing machine, but it was soon discovered that low tempera- 

tures would produce shearing strengths in excess of the capacity of the 
machine when, using that size of cylinder. It was also’found that results on 
cylinders 1 in. and 2 in. in diameter agreed for sheet mixtures. Therefore, 
the smaller diameter was used in these studies so as to provide for shearing | 
strength possibilities in excess of 3000 lb per sq in., if required, without 


; building a new testing machine. d 

P B= Cylinders were compressed at mixing temperatures in seamless steel tube 
"de moulds, using a double plunger, on a hydraulic press under a vertical load 
ee’ of 5000 lb per sq in. Pressure was released as soon as the dial registered 
x the required load. The compressed mixture was then cooled before being 
a extruded from the moulds on the press, by means of a plunger and over-sized 


tube or split mould. 

8 As has previously been described elsewhere, this procedure has become 
ee / standard laboratory practice after several years of experimenting and check- 
ing against field compression of paving mixtures. It has been found, repeat- 
edly, that densities thus obtained in the laboratory agree well with those 
; obtained in the field by adequate compacting with 10-ton rollers. The use 
a of a double plunger assures uniform density throughout the specimen. 


r 
Trstinac PrRocepURE | 


Density determinations (specific gravity) were made upon compressed 
cylinders a few hours after their preparation. Customary laboratory routine 
. required that the mixtures be tested the day following their preparation, but 
2: there is no reason why they may not be tested as soon as they have been 

properly cooled and their densities determined. 

The testing machine stands in a bath sufficiently large to provide storage 
for a considerable number of cylinders. Small cylinders, 1 in. to 2 in. in | 
diameter, are maintained in the bath at testing temperature for 1 hr before _ 


*“Practical Application of the Shear Test to Bituminous Mixtures,” by H. Skid- 


more, Proceedings, 7th An 
January, 1929. g nnual Asphalt Paving Conference; also, Roads and byes 


above 32° F, water was used for 
: ere 
ed for 32° F, 0° F, and —20° F, and proved to be an excellent bath medium | 
for the low temperatures; accurate temperature control was readily 
_ maintained. aon ayes bil! 
3 When the shearing strength test was developed several years ago, it was | 
_ found by experiment that, by applying the shearing load on cylinders 2 in. in- 
_ diameter at the rate of 2 lb per sq in. per sec, the most concordant results 
_ were obtained for a wide range of mixture composition and temperatures. — 
For this reason it was adopted as the standard rate, and in order to main- 
r-_ ae consistent results for various diameters of test cylinders, the rate must _ 
“be kept proportional to the diameter, since the load is applied circumfer- | 
» entially; for example, one-half the 2-in. rate was required for cylinders, 1 in. 
jn diameter, and double the 2-in. rate was necessary for 4-in. cylinders. These 
were the rates of load application used in the studies reported herein. 

The dynamometer of the testing’ machine is equipped with a maximum 
load indicator. In the present studies, values are the average of three test 
cylinders of each mixture at each temperature. In the application of the 
stability test at normal air temperature and above, maximum variation in 
-- well designed mixtures has been found to be within 5% of the average of the 
- group of individual test cylinders. Poorly designed mixtures usually show 
"greater variation, and if badly out of balance, wide differences between mini- 
mum and maximum results are common. In studying mixtures at low 


ae, 
we temperatures the same general rule seems to apply, except that with highly 
ES susceptible bitumens, such as tars and cracked asphalts, even well designed 


mixtures show erratic results at 0° F and below. In fact, if the curve for a sf 
given mixture tends to reverse its direction as the temperature drops, the 3 
spread between minimum and maximum becomes much wider as the tempera- 
: ture becomes progressively lower beyond the approximate point of reversal of a 
direction. e 
Test REsuLts 


“Results obtained in the use of a common mineral composition are plotted 
in Fig. 2(a), with Fig. 2(b) an enlargement of horizontal scales for the lower 
temperatures. The principal value of this general curve is to demonstrate 
: graphically the spread from maximum to minimum values for the several 
binders (of common consistency range) studied, and it reveals nicely the 
characteristic trends of the widely divergent types of cement, with respect to 
source and refining methods. 

The common mixture was composed approximately as follows: Bitu- 
men, 10%; filler, 18%; and sand, 72 per cent. Pro rata variations were made 
to compensate for differences in the specific gravity and bitumen content of 
the binder, in order to maintain a constant mixture with reference to pure 


bitumen, filler, and sand. 


‘fact that eee on the curves ie two taylor tt prac 
“consistency and, the same refining process (Specimens 7 and 8, Fi 
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Fie. 2.—Sprrnap or Test RESULTS FROM MAXIMUM TO MINIMUM VALUES. 


Ne agreed so closely that one curve serves for both, and the third Mexican 
fo cement, of slightly lower penetration (Specimen 6), falls close to the other 
Te: two; likewise, the Californian cements from three different refineries (Speci- 
4 mens 1, 2, and 8) fall upon a single curve. 
ie Bituminous binders most sensitive to great extremes of temperature are 
strongest at moderate temperatures, of the order of 20° F to 90° F, while 
being characteristically weaker at summer sun heat and severe winter cold, 
of zero, or below. This is most certainly borne out in practice. 
Oxidation tends to smooth out the curve for a given cement and, in doing 
this, stability (or strength) is reduced at all temperatures, especially at low 
and moderate temperatures. Past experience has demonstrated repeatedly 
that highly oxidized asphalts are poor paving cements, particularly in climates 
in the temperate and frigid zones. Such binders have caused severe cracking 
of pavements in these localities. Likewise, asphalts which were not oxidized 


but whi v 
hin films on ineral aggregate (in the mixer), have 
} in pavements which have undergone very low temperatures. Furth 
ore, the addition of certain salts to the paving mixture for the purpose of 
izing or hardening the binder, has caused excessive cracking of such > 


% 


compositions. Every student of bituminous pavements has seen these facts 

_ demonstrated repeatedly. hea Cah as ) ope teeta 
i This delayed effect was especially noticeable some five or six years after 
- the introduction of the first so-called high filler mixtures’ (about 1922). At 
a that time, the necessity had not been generally recognized for ‘providing E 
_ ample dry-mixing periods before introducing the asphalt and thus reducing ~ 
_ the temperature of the hot sand (which had to be hotter because of increased _ 
- filler content), by contact with cold mineral filler, to a degree not dangerous a ty 
_to the asphalt. Most pug-mills revolve at about 75 rpm. Consequently, ~ : 
_ freshly coated mineral is agitated severely and the asphalt (in thin films) ig eh ae 
exposed to air rapidly, during a period of 15 to 60 sec, depending upon ‘the 3 re 
enlightment of the specification writer and enforcer. If one is inclined to 


i 


doubt the effect of rapid agitation of asphalt under these conditions, let him 


ee perform the following simple experiment: Weigh out 50 grams of asphalt into 
a tin and place it upon a hot-plate, heating it to, say, 400° F and maintaining 
it at that temperature for about 2 hr. Then determine its penetration and, 
- ductility. Repeat the process with a fresh sample of the same asphalt, but. 
Zz this time stir it for 15 min; then determine its penetration and ductility. In 
the first instance, it shows little if any alteration from its original character- 


istics, whereas in the second case it has hardened considerably and its ductility 


hag been drastically curtailed. 


Many supposedly experienced technologists still fail to take cognizance 


of these extremely important facts; poorly informed or ill-advised engineers . 
continue to write specifications requiring the introduction of the bituminous. 


binder without adequate (if any) dry-mixing of aggregates or with long wet 


ew plant operators and their employers ° 
ble result of exposing thin films of 
0°. F to 400° F (depending upon the 
If any engineer feels that he must 
let him apply such precaution 
require only 15 to 30 sec 
ill, to which free air has 


mixing periods of 1 min, or more; and f 
recognize this important and inescapa 
bitumen to temperatures in excess of 30 
cement) in the presence of free air. 

require long mixing time to be perfectly safe, 
to the dry-mixing of aggregates and, to be really safe, 
of wet mixing in any type of mixer, such as a pug-m 
access. 


Even a hasty inspection of Fig. 2 will disclose the unusual performance of 


- fluxed Trinidad (with South American flux) cement through the low tempera- 


ture range. This disclosure quite naturally indicated further study to the 
investigators. Steam-reduced Mexican cement (Specimens 6, 7, and 8, Fig. 2) . 
seemed to come nearest to duplicating the performance of fluxed Trinidad 
cement, taking into consideration the shape of curve and values throughout 
the temperature range. Fig. 3(a) is introduced to demonstrate the effect of 
gncreasing the filler content in the case of Mexican cement, as well as the _ 


$e mineral in the Trinidad cement might possess some special . 
. and softer asphalt was tried because the Trinidad Face ene: not 
e as bas as the Mexican cement. The slightly softer Mena 
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Fic. 8—COMPARISON OF DESIGN VALUES, MEXICAN AND TRINIDAD CEMENTS. 


as TABLE 2.—Mrixture Composition; Curves A, B, ann OC; Fic. 3(a) 
ie : 
=? 2 - 
: . Curve “Curve Curve 
be Material A B C 
& ee ee ee 
; 54-penetration, Trinidad asphalt cement; South American flux....... 14.5 
Bee PUrelOLGUIMEN wines dec mals coe saml: vost ocetecn eae cet acale wae 10.0 $2 alt 
ome 51-penetration, Mexican asphalt cement; Panuco................-- cau tiaicte 9.6 
Jams 64-penetration, Mexican asphalt, cement; Panuco.............-.--- ces 9.9 AS 
“4 PHAMLer MEStTONS CUBES)... /iis tate Malas «ols ce eiclra ace secs vs cues con 13.5 18.0 22.6 
i Filler; Mrmadad minoraler. vrisen. & b.fre ase te tae ck een ce ee ee ae 4.5 re 
if Saud sadentical grading 4.4, .ce wee, Ciciet wea kislow ele Oe wi clache See ects 72.0 Pet 67.8 


only slightly above the Trinidad curve (Curve A) throughout the temperature 
range; whereas the higher filler with the same consistency of cement (Curve 
O, Fig. 3(a)), practically duplicated the results of the Trinidad product. This 
is simply an illustration of intelligent design of composition in the light of 
the materials to be used. 

From these studies it seems clear that the mineral in Trinidad asphalt 
is an efficient filler, but that this value can be duplicated readily by proper 
design when using another cement. Additional indication of the filler value 
of Trinidad mineral is apparent from the examination of Fig. 3(b), in which 
a South American flux was used in both cements plotted. The relatively pure 
bitumen of the Trinidad refined asphalt was recovered by an excellent method 
described* in 1933 by Mr. Gene Abson. This asphalt, in its almost mineral- 
free condition, was fluxed to the consistency shown by the addition of South 
American (Trinidad) flux; it showed 1.041 specific gravity at 77° F, and was 
95.72% soluble in carbon disulphide. 


*“Methods and Apparatus for the Recove f if i 
Am. Soc. for Testing Materials, 1933, Pt. IT ty goes by (Gone, Abdonss Prgre nine: 
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important to agitate the fluxed Trinidad cement adequately in the me 
x kettles, or in the tank car, as it is drawn for use in the mixture. ‘Tt 
is necessary (as has often been the case) to remove several inches of sludge — 
~ from the kettle at more or less regular intervals, the filler value of the product — 
_ has been largely dissipated. v5 
‘gt In recent years, practical experience has shown, without question, the " 
_ desirability of using softer bitumen in hot-mix compositions. Stability against — 
displacement at summer temperatures can be secured so easily by suitable 
_ mineral content, that the very slight increased stability afforded by ten points 
_ of lower penetration becomes insignificant, especially in view of the danger 
attending the use of harder asphalts when they are likely to be subjected to — 


more or less severe oxidation in the pug-mill mixer commonly used, “This jonas 


3 _~ study shows conclusively that in climates where comparatively low winter. 
temperatures prevail, bitumens of relatively soft consistency should be used. 
- Asphalts of 70 to 80 penetration have been used successfully in hot-mix pave- 
- ments in the North Central States to withstand trunk-line traffic during the 
_ summer and the sub-zero temperatures of severe winters. (For many years 
- 90-penetration asphalt has been used in hot-mix pavements at Calgary, 
es Alberta, Canada, with remarkable freedom from cracking.) When they are 
“gi well designed, such pavements have been practically free from contraction 
_ eracks and have not been displaced during hot weather. 
Further proof of the effectiveness of soft asphalts at low temperatures is 
shown in Fig. 4, the mixture composition being: Asphalt cement, 9.9% 


Shear Strength, in Pounds per Square Inch 
400 600 800 100 


0 
(a) Steam-Reduced Mexican-Panuco; i 


3 lO} a Refiner M-1 
" = 
He ‘cS 
, = 20 
s eet old 
— 4 4s pes = 
a 3 
y 0 
= 
p = 80 
ig 3 
(ee f ’ 
fail 3 te (b) Steam-Refined Mexican Asphalt; 
[a ___ Refiner M-2 
120 
vai (0) 200 400 600 800 1000 1200 1400 
Shear Strength, in Pounds per Square Inch 


Fic, 4.—EFFECTIVENESS OF Sorr ASPHALTS AT Low TEMPERATURES. 


(9.8% for 91-penetration and 175-penetration) ; limestone dust, 18.0%; and, 
sand, 72 per cent. The only variable was the consistency of the asphalt, which 
} was the product of one refiner in Fig. 4 (a) and of another in Fig. 4(b), using 
the same crude (Mexican) and the same refining process supposedly for all 
grades. The reversal of the curve for the 44-penetration cement (supplied by 
the refiner) is a rather conclusive indication that in the case of this harder 
grade the refiner varied the manufacture, either by altered processing of the 
residuum or by blending it with another material. The striking result of 


? bt that, with proper pps sg mixture, Anpesad heseian “may 
d successfully in sheet asphalt mixtures in almost any climate, 
ough there is no need for such a soft material in tropical or semi-tropice 
regions, it would be highly desirable in all sections subject to temperatures of — 
0° F, or below. The use of soft bitumens in such sections would probably BB * 

ae: the most important forward step in recent years. APs: 


ne Errect or VARYING: Mixture ComPosITION 
; ae This study has disclosed two important facts not heretofore thoroughly 
appreciated : First, that there is an optimum proportioning of ingredients 
that will produce the greatest. strength of mixture throughout the entire 
temperature range from sub-zero to summer sun temperature; and, second, 
that for best resistance to low temperatures, mixtures should contain slightly 
more bitumen than will just fill mineral voids, as determined in compacted, 
dry. aggregate. To the present time, technologists have been of the opinion 
that. mixtures should carry slightly less bitumen than will fll the voids, as 
i determined in the dry mineral. 
Beye > In Fig. 5(a) will be seen the results obtained in four designs of mixture 
using the same materials in all, and ranging from low filler content to high, 
with bitumen filling, the voids in dry aggregate. The mixture composition of 
ie materials in Fig. 5 is listed in Table 3. It seems quite certain that too much 
filler can be used with a given sand or coarse aggregate and a definite guide 
a in this respect is indicated in Fig. 5(a). It will be seen that Mixture D is 
“aa inferior to Mixture C throughout the temperature range, so that low tempera- 
ture results, in this case, are not necessary for intelligent selection. Higher 
bitumen, a greater compaction of mixture, might tend to prevent Curve D 
from reversing itself, and might also increase its strength at all temperatures. 
There is positive danger of bitumen films being too thin. Only so much com- 
paction is available with practicable construction equipment and safe working 
temperatures, and although increased filler may continue to lower voids in 
i the mineral, a certain point is reached at which the mixture becomes less 
{ ; ; compressible, and, consequently, instead of increasing the strength and density 
tt 
i 


of the finished pavement, additional filler actually decreases these important 
properties. 

Increasing the bitumen beyond that required to fill voids in the dry 
mineral is certainly beneficial at low temperatures, whereas decreasing it has 
the opposite effect. In Fig. 5(b), Mixture B of Fig. 5(a) was made with 
both plus and minus 1% bitumen content (equivalent to 10%. of the normal ; 
. bitumen content) with the results shown. Decreased bitumen. tended to 
ee decrease the stability very slightly at high temperatures. and drastically 
ta reduced the strength at temperatures of from +20° F to —20° F.. This 

tendency is reliable proof of the danger of using mixtures with Jess bitumen 
: than will fill the voids; and it offers an excellent explanation of cold-weather 
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Fie. 5.—DESIGN OF ASPHALT MIXTURES. 
TABLE 3.—Mixture Composition (ALL Percentaces), Desians 1n Fic. 5 


(a) VaRyIne = Mt CONTENT; (b) VARYING THD FILLOR Con- 
5(a) TENT COMPARED WITH NORMAL 
Ge, Mrx 
Description See ee ee 
Mixture | Mixture ] Mixture Lean Normal Rich 
B C D mix i i 
(@5) (4) (5) (6) 


halt cement *.. . 


100.0° 


Voids in the compressed mix. aL 4.0 2.6 4.4 ot oT ot 


* 51-penetration. + Normal bitumen fills the voids in the mineral. 


S In Fig. 6, eight distinctly different asphalt cements of the same grade, as 
determined by the penetration test at 77° F, are compared as to penetration P 
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IDENTIFICATION (See Table 1) 


1,2& : Steam-Reduced California 
Low-Carbon Coal Tar 
5 Pennsylvania 

6,7&8 Steam-Reduced Mexican 
9, 10, 11&12 Mid-Continent 
Arkansas Asphalt 
Mexican Asphalt - Oxidized 
Trinidad Asphalt; South American Flux 
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Fic. 6\-CONSISTENCY-THMPERATURE RELATION. 


n be very misleading. The ratio penetrations at the § ogg 
en specified with a maximum limit only : is usu “thee ober 
guaranty of performance in the pavement. In stipulating reqtir nts 


high-grade paving cement, penetration susceptibility should be omitt 
favor of a minimum low-temperature ductility requirement (in the ab 
“ee of a better test at this time) in all regions where low temperature perf 
ance is critical. Specifications-containing maximum penetration ratios - 
invite over-oxidation of what may be a reasonably good asphalt, as a meas 
of safety on the part of the refiner. Rigid requirements as to low temperature 
ductility have the opposite effect, since in nearly all cases oxidation will 
decrease ductility at the lower temperatures. Fig. 7 shows the relative char- 
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Fic, 7.—RELATION BETWEEN LOW-TEMPERATURE DUCTILITY AND PENETRATION, 
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acteristics of typical cements common to the market in the Central, West- 
Central, North and South-Central, and Southwestern States, with respect to 
ductility at 5° ©. These studies are convincing in the light of the fact that, 
in general, cements of relatively high ductility (normal speed) at low tempera- 
tures likewise impart superior strength to mixtures at the lower temperatures. 
In climates where low temperature performance is important, such a require- 
ment should be specified until a better test upon the asphalt is available. 
Ductility as a specified requirement, when the test is conducted at. Vit Py or 
above, means nothing for at least two important reasons: (1) This is not a — 
Us critical temperature in any bituminous pavement; and (2) all binders possess _ 
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"comparing 
nent specification. — eam 
an effort to translate shear strengths of bituminous pavement mixt ures 


Co) comparative values familiar to engineers in general,’ standard Portland — 
ment mortar cylinders were subjected to the same test over the same range 


‘not concrete of the composition used in pavements, but such mortar is 
erally used as an indicator of concrete strength, and its values are well 

10wn from the vast amount of published data available. On the other hand, 

Jmost no data are available with respect to bituminous concrete mixtures, 

nd, therefore, the average engineer has a limited understanding of the 

rength of such compositions, especially at low temperatures. Consequently, 

comparison, limited as this one is, seems sufficiently valuable from the 

_ standpoint\ of engineering knowledge in general, to be included in this record 

as a means of evaluating previously unknown values in terms of well known 

ones. 

Even a brief analysis of Fig. 8 will convince any engineer that bituminous 

_and Portland cement concrete structures are not directly comparable. Portland 
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cement concrete has a non-ductile binder as a cementing medium in contrast 
- with a ductile binder in a bituminous mixture, of otherwise quite similar 
composition. Plastic flow is much more pronounced in bituminous composi- 
tions than in Portland cement concrete mixtures. Furthermore, the strength 
of a bituminous mixture is much more a function of temperature than is the 
ease of Portland cement concrete, except at temperatures below freezing. 
Plastic flow is definitely related to ductility. Contraction forces in bitu- 
minous concrete mixtures are obviously absorbed by the ductility of the 
binder in addition to being resisted by the tensile strength of the structure, 
whereas in Portland cement concrete these forces are resisted by tensile 
strength. Patently, the modulus of elasticity will be much higher in the case 
of Portland cement concrete than in that of bituminous concrete. 


5A. §. T. M. standard mortar cylinders using standard Ottawa sand, with strengths 
as shown on Fig. 8 


temperatures. In offering these data, it is recognized that standard mortar © 


ng mixture that will insure s the best performance over the aie 
temperatures ; 
_ (8) In regions where low somparntnres obtain, the hicetibn 380 consid 
ably softer bitumens than have been used commonly, will constitute one of 
most important advances in the direction of better pavements; i 
3 (4) Ample bitumen content is essential; relatively rich mixtures are bees 
safer than lean ones (bitumen slightly in excess of the void content of the 
‘mineral aggregate improves low temperature performance without impairing 
stability at high temperatures) ; ; 
(5) Mineral filler in excess of the optimum for a given binder and coarse 
: peurenata should not be used; and, 

(6) The ductility of the binder at the lower temperatures appears to be an” 
important characteristic. The test for ductility probably should be made at | 
the standard rate of 5 cm per min, and a temperature of 4° or 5° C is abet a 
as low as may be used. % 

(7) At least in so far as resistance to shear is concerned, Portland cement — 
concrete and bituminous concrete are not similar structures due to the fact 
that their cementing mediums are of decidedly different character. 
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AILURE THEORIES OF MATERIALS SUBJECTED 
TO COMBINED STRESSES 


By JosEPH MARIN,’ JUN. AM. Soc. C. E. 


SS Synopsis ey 
Z - Several theories have been devised and tests made to determine the laws of . 
_ failure of materials subjected to combined stresses. The main purpose of this 
. paper is to extend the correlation of such theories and test results, representing 
- them by a common set of co-ordinate axes. Without such a correlation, some 
test results on combined stresses have been interpreted incorrectly. In addi- 
ce tion, some new theories are given. The graphical representation used is that 
© of Mr. B. P. Haigh’ and H. M. Westergaard,* M. Am. Soc. C. E. 
ta Notation——The symbols in this paper are summarized in the Appendix. 

An effort has been made to conform essentially with “Symbols for Mechanics, 
_ Structural Engineering, and Testing Materials," compiled by a Committee 

of the American Standards Association, with Society representation, and 


approved by the Association in 1932. 


THEORIES OF FAILURE 


The theories represented will be limited, for the present, to bi-axial stresses, 
isotropic materials, and gradually applied loads. The assumptions, limitations, 
and inconsistencies in each particular theory have been treated. The term, 

_ “failure,” is subject to a variety of definitions. It implies a limiting value 
of change in shape, stress, sliding, energy, or a combination of these factors, 
a point of failure being determined experimentally by a stress-strain curve. 

Classification —An element in a stressed member can be conceived as fail- 

ing when a stress, deformation, sliding, or a combination of these three fac- 


Norn.—Discussion on this paper will be closed in November, 1935, Proceedings. 
2Ann Arbor, Mich. 
2“The Strain-Hnergy Function and the Blastic Limit,” by B. P, Haigh, British Assoc. 


for the Advancement of Science, 1919. 
32“The Resistance of Ductile Materials to Combined Stresses in Two or Three Direc- 
tions Perpendicular to One Another,” by H. M. Westergaard, M. Am. Soc. C. H., Journal, 


Franklin Inst., May, 1920. 
4 A.S.A.—Z10a—1932. 
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/-) Mteenans Stress Theory (Rankine). 
(2) Maximum Normal-Stress Theory. 
(8) Maximum Stress-Normal Stress Teeny: 


a (0) Deformation Theories — 
(4) Maximum Strain Theory (St. Venant). 


(5) Maximum Distortion Theory. 
(6) Maximum Strain-Distortion Theory. 


_(c) Shear Stress Theories— — . 
(7) Maximum Shear Theory (Coulomb and Guest). 
(8) Internal Friction Theory (Special Cases of Coulomb’s. Thesien 
(9) General Shear Theory (Special Cases of Mohr’s Theory), — 


(d) Energy Theories.— 
(10) Maximum Strain-Energy Theory (Beltrami and Haigh). 
(11) Maximum Shear Strain-Energy Theory (von Mises, Hencky, — 
and Huber). ; | 


i Se 7 


‘¥y (12) Maximum Strain-Shear Strain-Energy Theory. 

: : (13) Maximum Volume-Energy Theory. 

4 » (e) Miscellaneous Theories.— 

a (14) Wehage’s Theory. 

a (15) Maximum Change-in-Volume Theory. 

(16) Maximum Shear-Strain Theory (Becker). 

a. It is possible that combinations of the aforementioned theories, depending 
on the signs of the principal stress, may be the true ones. Another approach 
4, to the problem is to consider the material as non-isotropic. Such a procedure 
has been followed by Brandtzaeg. 

i, _ For simplicity, the theories will be represented for the case of bi-axial 


stresses. In most cases they are easily extended to the case of tri-axial stress. 
_In such cases, instead of a graphical representation in one plane, the theory is 
ter represented by a surface symmetrical about three planes at right angles. For 
brevity, the assumptions and limitations involved will be omitted. 
Let s, and s, be the principal stresses at failure in a material subjected to ! 
bi-axial stress; sz, the stress at failure in simple tension; and s,, the stress at 
failure in simple compression. The theories are represented graphically by | 


diagrams with co-ordinates, x and y, in which + x2 = =e and == i= -——* 
8: t 
3 The remaining quadrants are explained by the illustrations, 


& ature of Mg Composed of Non-Isotropic Elements,” by A. Brandtzaeg, Assoc. 


Am. Soc. C. H., Det Klg Norske Vid 
ees Norway. Det Klg Norske Videnskabers, Selskake Skrifter, 1927, No. 2. Trond. 


ry, fai defined as 5 n 

stresses equals the stress, at failure, . 

er words, failure has occurred when $s: = St; S$ =St; $ = Se} OT, 8s 
ring to Fig. 1, for the case, se = st, a material is defined as having fai 
a bse j "ik ; ; 2% % | f . ; ‘ 
ES ee oe Se A more complete trea 
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ant of Theory (1) (and of Theories (4), (7), and (10), to follow), has heen’ 
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Fic. 1.—RANKINE’s Maximum STRESS Fic. 2. 
sf THEORY. 

(2) Maximum N ormal-Stress Theory.—Experimental evidence shows that 
materials do not fracture in a direction perpendicular to the greatest principal 
£7" stress as required by the maximum stress theory. Consider the fracture to 
occur at right angles to some intermediate direction, and that the material in 
question has failed because the normal stress on this plane has reached a limit- 
if ing value. Furthermore, let this limiting stress be composed of two parts: 
2 A normal component, N, of the principal stresses ; and a normal component 
due to internal friction. Assuming the normal component due to friction to 
be proportional to the shearing stress, Ss, its value is ssf, in which f equals 
a coefficient of internal friction. Fig. 2 represents the forces, s, and N, acting 
@. on the plane of fracture, BOC. Hence, the limiting normal stress, s, 18: ; 
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6“Strength of Materials,” by S. Timoshenko, Pt. Il. 


r the case of simple tension: s, = 0; s, = st; and, 
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hes Combining Equations (2) and (3): 
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< or, when S, and s, are positive, and s, > s:: 
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Fig. 3 represents Equation (5) for values of f = 0.0, 0.3, and 1.0, in the a 
_ four quadrants. 


Values of y 


ee 
Values of x a 
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/ Fie. 3.—-Maxtmum NORMAL Stkuss Fic, 4.—MaximMum STRESS-NORMAL : 
4 THEORY,’ STRESS THEORY. } 
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(3) Maximum Stress-Normal Stress Theory.—Consider that the limiting 
stress is governed by either general stress or normal stress theoriés, 
on the signs of the principal stresses. Then, the limiting equation 

Hortci& 1, 


depending 
s are: 
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esents Equations (6) 
n Quadrants II and IV. Ve ee 
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Pert Me - -Drrormation THEORIES ai 
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G Me wi um. Strain Theory (St. Venant)—In the maximum strain | 

5 ry failure is assumed to occur when the elongation or contraction in the 

oe tion of one principal stress reaches a limiting value equal to the deforma: 

tion at failure in simple tension. Expressed algebraically, this is equivalent 

- to stating that failure occurs when: ae | a 
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in which o = Poisson’s ratio. Fig. 5 represents Equations (7) for se = eee 


and o = 0.25 and 0.35. 
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NANT’S MaxiMUM STRAIN Fic, 6.—MAxXIMUM DisTORTION THEORY. 


| Wie. 5.—Sr. VE 
: THEORY. 
2 (5) Maximum Distortion Theory.—A distortion theory is based on the 
a limiting angular deformation or shear distortion is the 
By equating the angular distortion in the case | 
the case of simple tension, the following limiting 
ef .y Ss £1; ore eee 
educes to the maximum shear 


assumption that 
factor that produces failure. 
A of bi-axial stresses to that for 
equations are obtained: x = t1;%7—-—9= 
(see Fig. 6). As might be expected, this theory 
theory (Theory (7 )), the discussion of which follows. 
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the equations defining failure are (see Fie 
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Fic. 7.—MAXIMUM STRAIN-DISTORTION Fic. 8—CoUuULOMB AND GUEST’S MAXIMUM 
THEORY. SHEaR THEORY. 


Suear Stress THEORIES 


Shear theories are based on the assumption that failure results along some 
plane as a result of shear stress on the plane having reached a value equal to 
the limiting value of the shear stress in simple tension. Several theories are 


rooted in this concept, by defining the direction of the plane of the a a 


shear or the value of the shear stress. 

(7) Maximum Shear Theory (Coulomb and Guest).—In this figoee the 
plane of sliding or limiting shear is considered to be the plane of theoretical 
maximum shear, and may be expressed algebraically as follows (see Fig. 8): 


Seoaess 1s yt 1: 2 — ye St 1: ory — 2 LL 


(8) Internal Friction Theory (Special Cases of Coulomb’s Theory).— 
Assume the plane of failure or sliding to be at an angle different from that of 
the theoretical maximum shear. For example, in Fig. 2, consider that the 
resistance to sliding, or the limiting stress, s,, on the limiting plane, BC, 
is equal to the sum of a shearing stress, ss, which is due to s, and s, and a 
frictional force proportional to the normal stress, N, equal to fN. Then: 


Sr = 8 + PN ect ee 


Coulomb showed that, by substituting values of s, and s, for s, and N: 
Or sy sven 
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ch a value is representative for several steels. From Equation (9): : 
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‘From Equations (11) and (12): : 


‘ > Sac = Ba He (Binet 8a) egg og a eaeeets aS 
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When pS ee and from Equation (13) sin a = 0.2, or a = 11° 30. 
_ Substituting this value of a in Equation (18) (and, when s, is positive, Se igen 
"negative, and when s: > Ss), S — 0.67 so = St, Or Z — Osi y =. ae by 
em When s and s, are both positive, 7 = + dandy=¢+l. Considering all 
a quadrants the theory requires that, for failur : 

fee. Ss 085° 4 <-> 0.672 = 1. Fig. 9 represen 
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Fic, 9.—INTERNAL Friction THEORY, 
SprciaL CASES OF CouLoMsB’s THHORY. 
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(9) General Shear Theory rs Theory) —Assuming 
ent in direction on the 
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Moke represents the values of s, and s; graphically as shown in Fig. 10(a) for J | 

| different values of s, and s, as represented by a series of circles. The lines — 1 

drawn tangent to the circles represent Equation (14) and the co-ordinates — 

of the points of tangency are given by Equations (15) and (16). The envelopes ~ 
to the circle, therefore, represent the limiting values of N and s, that be 
failure. ‘ 
_ An empirical correlation between Mohr’s theory and other theories is desir- 
able. For this purpose, test results of several experimenters were plotted on 
‘the co-ordinate axes as indicated in Fig. 10(a), and the average envelopes 
to the circles were drawn. It was found that the experimental data could 
best be expressed by the equation of an ellipse. Actual values are given sub- 
sequently in Equations (21). Fig. 10(b) represents the relation between N 


‘and s,—the envelope to the circles shown in Fig. 10(a). Then N?-+ os : 

oa be 
a =ia 8*s3 OF, i 
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P in which, « = x . aide, = 2 . Substituting Equations (15) and (16) in 
), t t 


Equation (17): 
(y + x)? + (y — 2)? cos*2 @ — 2 (y* — 2*) cos2¢ 


+= y—aysint2$=4¢ SERN SS ee (18) 
ss i For Equation (18) to be consistent for simple tension, let x = 1 and y = 0. 
* Therefore, 
. 1+ cost 26 + 2cos2g + < sint2g — 4a" = 0 ease te | See (19) 
Assuming b = 45° for the case of simple tension, Equation (19) becomes: 
f ty = By Miter Aish ++ + (20) 
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Fig. 11 represents Equations (22) for values of a = 1.00 and. ai= 1.30.4 19 
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Fic. 12.—Max1MuM STRAIN-HNERGY 


ee Fic, 11.—GennraL SHEAR THEORY: 
THRORY ; BHELTRAMI AND HAIGH. 


SPECIAL CASES OF Mour’s THBORY. 


Enercy THEORIES 
-Energy Theory (Beltrami and H. aigh)—This theory 
e strain energy at failure for combined 
+ failure in the case of simple tension. 


(10) Maximum Strain 
is based on the assumption that th 
stresses equals the value of the energy @ 
In other words, failure occurs when, 
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Fig. 12 shows Equation (23) for o = 0.25 and 0.35.. 
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Equation (2T) (see Fie. 13) is Mentical with the Special case af Mohr’s theary 
fere¢@ = 10 Theory (11) a 


nd other theories have been written hy A. Nadai* 
* “Plasticity.” by A Nadal S81. 
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€ which defines failure in Equations (28) depends on the 
; eee bs) Oe ne i iy sea 
3) Mazimum Volume-Energy Theory.—Let the energy to produce change 
ume be the limiting factor. In addition, let the volume energy at failure ie 
simple tension equal the volume energy at failure for combined stress. — ES * 
energy required to change the volume of an element subjected to the Se 
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pr aS ; L (ats) feittys: 2 pve eat, eee (29) 


in which, ¢, and « are the principal strains and «: & + . nee 
Substituting for stresses in terms of strains in Equation (29): 


t= ee (1 — 2g).------+-> 
6E 


= St; & = 0; and, 
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volume 


. .(30) 


nm which E = Young’s modulus. = simple. tension: $1 


> t.= ae (s*4) (1 — 20)-- . (31) 

= From Equations (30) and (31), 8 +82 = St; and, therefore; 
& I Ea che wep ee eos (32a) 
"and, 
ta J ga-yt Ss 1 Rr et (32b) 
ras Equations (32), for s- = st, are plotted in Fig. 15. 
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‘4 Fic, 15.—MaxImMouM VOLUME Fie. 16.—WerHacr’s THEORY. 
k PNeERGY THEORY. 
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E foeHon: (34) is renrescnted 4 in Fig. 16 fora = b. ’ 
(15) Maximum Change in Volume Theo Daa that the 
change i is the limiting factor and that the change in volume to the point 
~ failure in simple tension is equal to the change in volume for combi 
stresses. Let the change in volume = AV. For the case of an element : sub- 


jected to the principal stresses, s, and s.: 
When s, and s, are both positive: 


AVz=eatet+es == (1 — 2a) (si a Gs) vom can. PORE ) 


When s, and s, are both negative: 


av = — = (1 — 90) (9 + ®) 


When s; is positive, s. is‘negative, and s, > ss: 
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is When s, is negative, s, is positive, and s; > s: 

AV tt al, eke bee aise os | 
4 7 : 
- When (in the case of simple tension), s, = s:, and s, = 0: e | 
1 | 
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ae and, when (in the case of simple compression), s, = sc, and s = 0: 


4 av = = (1 — 20) ayes. ur 5 Meee (40) 


Equating the fornnle (35) to (88), inclusive, to Equation (39), and 
letting so = s:, the following equations are obtained, defining failure as a 


“y limiting volume change; thus: 
For so = st, 
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ons (41) and (42) are represented in Fig. 17. 


r 
r 


82 


Values of y S50 


Values of =2 
t 


Fic. 18.—BrcKER’S MAXIMUM 7 es 


Fie. 17.—MaxIMuM CHANGE 
SHBAR-STRAIN THEORY. rae 


IN VOLUME THEORY. 
(16) Maximum Shear-Strain Theory (Becker’s Theory).—Consider that ise 
' the limiting condition for failure is either a maximum strain or a maximum > 
- shear. Then from the formulas of Theory (4) Equations (7), and Theory (77), 
the conditions defining failure are: © — cy = t+1i;2-y=al;r=+ lp 
by —on=tliy—rz=1;andy= +t. 
Becker introduces an experimental constant in’ the foregoing 


Sigh nih edaqanta helipad ule dal 


equations 


by assuming that Ss _ 0.6 instead of 0.5. Using this value the corresponding : b: 


St 
formulas become: —oy==1;2= 12;2-y= +12; 9-0” 
Sc) Pee and y — « = 1.2. These formulas, for values of « = 0.25 
and 0.35, are shown graphically in Fig. 18. A number of theories of this type cy 


can obviously be obtained by the superposition of others, as seen from Fig. 19. 


CoMPARISON OF THEORIES 


The differences in the dimensions of machine and structural members as a 
result of designing by the various theories are of interest, if not of importance. 
The importance is evidently reduced’ because of the indeterminate factors 


Pith 


cal represe sentation, a pumer'< son can be bt er 
limiting stresses as required by theories and the 1 
rences in design. 


LEGEND 
e Tests by Guest 
a Tests by Smith 
Note: Values of Experimental 
Constants used: 


f=2=06 
| E SS See | | a= - and 1.3 


¢=0.35 


Fie, 19.—CoMPARISON OF MBASURED AND THEORETICAL STRENGTH FOR BRASS TUBES. 


‘ = 


ComPaRISON OF THEORIES AND TESTS 


Numerous tests were conducted on specimens of cast iron, steel, copper, 
and brass, to study the relation between the measured and the theoretical 
strengths in each case. The specimens were subjected to combined stresses 
and the results plotted with the corresponding theoretical curve in the manner 
demonstrated in Fig. 19 for brass tubes. The numerical comparison given in 
Table 1 is obtained from these plotted results. The percentage values for the 
discrepancies between the test results and all the theories are approximate. 
These values for the percentage difference between theoretical and actual 
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fe > 1.0 


Method of loading 
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(a) Comprnep Tenston AND TENSION IN STEEL 


Axial tension wa torsion and th 
axial tension with pressure... tial yield t.. 
Asai tension with internal pres- en eae bid 


Asia tension with internal pres- : 
Johnson's yield 
point 


Penson ond (0 and torsion ATS RESINS .—a) Bes sce ct all Cn ia a RR ER SS tension 
| and pressure......---.---.- Initial yield point..| 22 ll 
Tanion with ¢ torsion and com- 
pression with torsion........ Proportional limit . 14 27 
Tension with torsion aud. ¢ com- pie 
pression with torsion.. Yield point....... 19 26 
Bending and torsion........-- Intersection of elas- 
ticity and flow. . 7 40 
Tension with internal pressure..| Elastic limit...... 4 oat 
Internal pressure......-..---- Yield point....... 21 24 
Axial tension with internal pres- 
RUEG Tot biie caottncrek ge dew Johnson’s yield 
points..65: es 4 16 
sc pea with topic and tension : 
RE aaa Initial yield point. . 1 26 
Tube. . Tension ith torsion and com- 
xt pression with torsion........ Yield point....... 2 44 
Tension with internal pressure.| Elastic limit...... 5 29 
: Tension with torsion and tension 
with pressure........---+++ «Initial yield point... 11 55 
Compression with torsion...... Proportional | limit . 3 44 
| | Bending with torsion.........- Intersection of elas- 
Tube.. ticity and flow. . 2 63 
Tension with internal pressure.| Elastic limit...... 10 44 
Axial tension with internal pres- 
SUPT AT. «cee eee eledna-s Elastic limit...... 12 46 
A GrsION eae 30. Somemsee ngs == “Primitive” elas- 
tic limit........ 3 37 
Tension with torsion.......--- Initial yield point.. vi 21 
Tension with torsion.......-- Proportional limit.) 14 25 
Solid rods.|{ Tension with torsion and com- 
pression with torsion.......- Yield point....... 9 26 
Bending with torsion........-- Intersection of elas- 
gs [ ticity and flow. . 16 20 
- <1.0 | Solid rods} Tension with torsion and com-| : 
4 pression and torsion........++ Yield point....... 3 32 


(c) ComBinED TENSION AND Compression 1n Cast [non 


~ >1.0 ) Tube.....| Internal pressure..-.....------ Yield point....... 8 38 
Ss Bending with torsion.......... Rupture point... 12 12 
e <1.0 | Solid rods.| ) Bending with tOTBON secs. 4-1 Rupture point... 16 13 
= Bending with torsion.......--- Rupture point... 21 12 

: Bending with torsion. . Rupture point... 23 14 


<1.0 


(d) Compinep TENSION AND Tension IN CoPPER 


2S Se 
>1,0 | Tube.....| Tension with torsion, tension 


with pressure, and torsion with 


PIeSSUFe...... 2-2 esse sete Initial yield point. . 3 14 
Tube....| Tension with torsion, tension 

with pressure, and torsion with} F 

PYCSSUTE......66eee8 reece Initial yield point.. 2 21 
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(1) and (10) 
(11) and (1) 


(4) and (16) 
(1) and (10) 


an and (8) 

(8), (4), and ) 
(7) and (9) 

7) and (9) 

(10), (2), and (9) 


(16) and (10) 
(2) and (10) 


(4) and 
(2) and (9) 


(9) 
(2) and (16) 


(8) 
(16) and (8) 
(9) 


(10) 

(2) and (9) 

(1) 

(2), (8), and (10) 
(4), (9), and (2) 


(9), (2) and (8) ~ 


(9) and (16) 


(9) and (1) 


ey tna 


, / 
(3) ; Lae (4) (5) 
(¢) ComprneD 'Tanston AND ComPREssION IN CoPPER 
ing with torsion..........] Intersection of elas+ : - ae 
Ei ye eae se sted ticity and flow... ee) a be (4) and (9) + 
to soe a { 
perapisbecge cle cle “3 Initial yield pont, 3 3 (9) and (4) a. 


with pressure, and torsion with 4 & . 
Tnitial yield point.. 


Tension with torsion, tension 
2 22 


(g) Comprnep TENSION AND CoMPRESSION IN Brass 


| Tension with torsion r Yield point oS at: age (1) and (2) 
Tension with torsion, and ten- 4 
37 0 (9) and (4) 


>1.0 | Tube..... iba, 4 
we sion with pressure. ... Initial yield point.. 5 


stresses were obtained by arithmetical averages. The values in Column (8), 74 
Table 1, are based on these results. 

A study of the test data and test procedure shows that in some cases the 
discrepancies between theories and tests may be due to inaccurate test data. 


Computations were made showing that the errors in the stresses, due to errors 
sin measurement or errors in the values of experimental constants used, may 
Pes 3! f : <5 : 

es be appreciable. Another source of error is in the computation of the stresses, 


mcd * s, and s., from the applied loads and the dimensions of the member. 


fe ConcLusIoNn ’ 
The foregoing comparison shows that no one theory now in use agrees | 
exactly with test results. The precisely correct theory of failure is probably 


By a combination of a number of these theories, depending upon the ratio, St 
S2 

Fig. 19 indicates a number of such cases. Furthermore, there may be several 

a theories equally well supported for one material and the correct theories may 

y vary with the material. Obviously, an ultimate solution will depend on the 

x results of further study in this field. 
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‘symbols, adopted for use in this paper, are offered as Hs 


_@ = major axis of an ellipse; also, a = major yield point stress. 
Db = breadth; minor axis of an ellipse; also, b = minor yield point — 
_ .gtress. > Le ae 
= a subscript denoting “compression.” NRT bi 3) 3, 
= coefficient of internal friction. _ Meg e * 
= unit stress in general; s, = limiting normal stress; s, and s, _ 

= principal stresses at failure; s: = stress at failure in simple 
tension; sc = stress at failure in simple compression; 
ss = unit shearing stress; and sr = shear stress in torsion. | 
a subscript denoting “simple tension.” eee 
variable distances measured parallel to the Y-axis. 
deflection; variable distances measured parallel to the Y -axis. 
modulus of elasticity; Young’s modulus; Z; = modulus of 
elasticity in shear. 
length; as a subscript, L, denotes “limiting.” - 
moment of force. 
normal component of principal unit stress. 3 
a subscript denoting “shearing torsion.” 
volume; AV = change in volume. 
tan” f. 
“change in.” 
energy of distortion on an element subjected to the principal 
stresses, Ss, and S$». 
Poisson’s ratio. 
angle between planes of stress. ie 
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_ EFFECT OF SECONDARY STRESSES UPON — 
ULTIMATE STRENGTH ty ag 


Discussion : ae 


By Messrs. LAMoTTE GROVER, AND A. A. EREMIN eae 


e+e 


; LaMorre Grover,” Assoc. M. Am. Soc. C. E. (by letter).*’—The practical 
application of the results of secondary stress analysis to the design of bridge 
members’ is discussed in this paper. This subject is most timely in view of ' 
| the recent tendency toward the use of more comprehensive design methods fe 
in order to effect the most favorable distribution of material. | j 
The increased demand for comparatively shallow deck truss construction ee 
resulting from higher standards in grade and alignment for both highway i 
and railway structures, together with the trend away from movable spans to | 
oa the use of fixed spans which require shallow deck construction in many cases, a 
results in types of design in which the effect of secondary stresses is quite | 
appreciable. E 
Bee With ‘the rapidly increasing use of structural welding, advantage is ee 
a being taken of the better economy and reliability thus afforded for making ; 
- rigid joints in which behavior can be predicted with more certainty. The 
effect of large gusset-plates upon the stiffness and stress distribution in 
members is a feature that can not be evaluated closely. These large gusset- 
plates are either reduced in size or eliminated entirely in properly designed 
__ welded connections, thereby reducing some of the annoying uncertainties that 
exist with riveted construction. Such developments challenge the designer : 
to keep in pace by devoting more attention to such refinements as statically 
indeterminate stress analysis and the investigation of secondary stresses, and 
they also make it possible for the interpretation of such analysis to be evalu- 
ated more accurately and, therefore, better justified. 


Norn.—The paper by John I. Parcel, M. Am. Soc. Cc. E., and Hldred_ B. Murer, 

jin Am. Soe, CH. was published in November, 1934, Proceedings. Discussion on this 

paper has appeared in Proceedings, as follows; January, 1935, by Messrs. C. H. Sand- 

berg and J. D. Gedo; and March, 1935, by Messrs. L. BH. Grinter, L. T. Evans, and F. 8, 

Fahy. 
32 Bridge Engr., Dept. of Design, State Highway Comm., Topeka, Kans, 


#¢ Received by the Secretary March 9, 1930, 


g and bihéee Peotes will be better ledges ea as a result of 
é described in this paper. One of the ways in “which structural welding 
have an influence upon behavior under secondary stress is that welded ¢ 
plates will be virtually fixed along their edges. This will contribute fu 
toward minimizing the tendency for relatively thin plates to fail local 
_ buckling. - Several limitations .of the study have been acknowledged by ” a 
authors and these might be extended to include a number of others the 
would indicate the need for further and broader studies in this field. 
Further experiments should be made to determine the effect of ace 
gusset-plates and the stress concentrations that they cause at the onda 
members in double curvature, where the secondary stresses are most serio as 
Studies might well be made to demonstrate the effect of elaborate provisions 
which have been made during the construction of some of the larger bridges | 
for the purpose of relieving secondary stresses. | 


Another condition that would be worthy of investigation is that of a 
occasional severe strain accompanied by plastic flow, with intermittent anal 
of lesser magnitude and of a frequency that approaches that which is recog 
nized to be dangerous from the standpoint of “fatigue” failure. It is quite 
possible to obtain a sufficient number of repeated or alternating stresses to 
‘aie -eause apprehension in this regard, if the life and service of modern bri 
‘aa structures are to be as great as is estimated by many. 
et The authors have mentioned the possibility of unfavorable effect upon — 
Bi, riveted or welded joints due to repeated or alternating stresses, but it should — . 


i 
1 
\4 
| 
. | 


i" i be emphasized that the effect of such stresses might be very severe upon the | 
mie members themselves, especially in those connected with heavy gusset-plates — 
a and bent into double curvature as a result of secondary stresses; and like- | 


wise the effect of suddenly applied loads in causing combined stresses of seri- | 
ous magnitude before the metal has had time to creep and permit the adjust- | 
ment of the stresses over the section by plastic flow. These remarks are _ 
especially pertinent in the case of smaller, lighter bridges. 

It should also be stressed that the authors’ “Summary and Conclusions” 
pertain exclusively to structures for which an occasional severe overload 
may be anticipated. They pertain to the stresses that would be caused by 
such an occasional load as might be expected in the case of a highway struc- 
ture. Perhaps the results of the studies and experiments are less pertinent 
in the case of railroad bridges where the loads are subject to more careful — 
control and are of at least daily occurrence. 

No explanation is given as to the reason for the inward “dishing” of 
cover-plates as a result of local buckling, except the general tendency of the 
bending of a compression member as a whole. It might be considered ques- 
tionable whether this tendency is decided enough to justify relying upon it, 


especially if other influences such as rust due to neglect in maintenance, 
tend to cause outward “dishing.” 


ea ch. Ae A Ce Mn © Ose 
by the Haar stresses at the yield point. This 
whi *h the number of members, n, and number of jo: 


Itimate strength of the truss. This may occur in a Vierendeel truss in 
ich the secondary stresses at the yield point will affect the ultimate 
sth of the truss. REAR ee My 
If n is greater than 2N — 3, the secondary fiber stresses at joints 
well as the axial stresses in some members of a steel truss, may reach — 
point without materially affecting the ultimate strength of the 


he’ yield 


_ The secondary stresses at. the yield point may also influence the distribu- 
tion. of the axial stresses in the truss members when the stiffness of the members — 
or the eccentricity of the joints is considered in computing the axial stresses.™ 
A method of computing axial stresses, taking the stiffness of the members ot 
: into consideration, has been presented by Charles A. Ellis, M. Am. Soe. C. E. thi 


- The authors are to be congratulated for their valuable contribution to the 
' theory and practice of diagnosing the stresses at the yield point. 

: 33 Associate Bridge Designing Engr., California Highway Div., Sacramento, Calif. 
336 Received by the Secretary April 1, 1935. _ 
o % “Structural Engineering,” by the late G 
and Hon. M. Am. Soc. Cm. wy. 81. 

é determinate Structures in Combination with 


ees ® “Williot Equations for Statically In 
Me Moment Equations in Terms of Angular Displacement,” by Charles A. Hllis, M. Am. 


_ Soe, Cc. B., Proceedings, Am. Soc. C. E., January, 19384, p. 43. 
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Discussion 
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_ By Messrs. R. G. STURM AND MARSHALL Hott, F. E. TURNEAURE, — 
ie N. J. DURANT, E. C. HARTMANN, AND EDWARD GODFREY ~_ 


see oS = 


R. G. Sturm,” Assoc. M. Am. Soc. C. E., anp Marsuati Hort,” Jun. Am. 
Soc. C. E. (by letter).“*—Some of the fundamental principles of instability ’ 
are applied, in this paper, to the design of steel columns, assuming that 
when the maximum stresses reach the yield strength the column becomes 
unstable. : 


Tensile Stress in Ib per $q.in. 


mo} 

a Strain in Inches per Inch 

f Fie, 23.—Typican Srrwss-StRAIN CURVES FOR A NoON-FERROUS rs 
ie METAL. 


The stress-strain curves of most non-ferrous metals differ from those 
og shown in Fig. 1 by virtue of the fact that they depart gradually from the 
extended initial modulus line. A typical stress-strain curve for aluminum 


Notn.—The paper by D, H. Young, Jun. Am. Soe. C. E., was published in December, 


' 1934, Proceedings. Discussion on this paper has appeared in P i 
a : on S roceedings, as follows: 
£ March, 1935, by Messrs, William R, Osgood, Alfred S. Ni Es: 
he DeBlois; and May, 1935, by Marvin <A. Gh Baa So Cae ae eae 


“Research Structural Engr. Physicis i : 
oes L sr. ysicist, Aluminum Research Labora: 
Kensington, Pa. : ratories, 


a “Research Hngr., Aluminum Research Laboratories, Arnold, Pa. 
; “a Received by the Secretary February 25, 1935. 
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gent modulus decreases as a straight line from the initial 
upper limit of the elastic range to a value, AH, at the yield” 
1.2%), and from this decreased value along another straight line to zerc 

modulus of failure. (The elastic range of the material may be determin d 


‘ by any standard method because reasonable variations in the actual valv 
will not materially change the computed column strength.) Following the, 


‘a principles proposed by Engesser,"* the critical load on a perfectly straight f 
} column was taken as the value given by Euler’s formula, using the value of 
oe the reduced tangent modulus corresponding to the average stress in the | 

eolumn at buckling. A relation between the critical stress and the slender- 


g ness ratio thus obtained is shown in Fig. 24. 


Critical Load in Ib per sq in. 


Slenderness Ratio L 


Fic. 24.—RELATION BETWEEN SLENDERNESS RATIO AND BUCKLING 


ee Loaps oF SrraicHt CoLUMNS (Map FROM Non-FERROUS | 
rae. METALS). \ 
< In the case of imperfect or eecentrically loaded columns in which the 


member deflects appreciably, the principles used by the author are the same as 
those established by T. Claxton Fidler® in 1887, namely, that the imperfec- 
tions and eccentricities in the column can be represented by a sine curve. 
This leads to Fidler’s formula for deflection which is the same as the author’s 
? Equation (8). This analysis was advanced still further by Ayrton and Perry” 
ie and formulas for the stresses in imperfect columns were developed. The 
formula for maximum stress at the center of an imperfect column is identical 
with the author’s Equation Gis) 
If the initial eccentricities in the column are small, such that the maximum : 

average stress developed in the column exceeds the elastic range of the 
Stiibe,’ von FEF. WHngesser, Zentralblatt der 


44Die Knickfestigkeit gerader 
Bauverwaltung, Berlin, 1891. 

4 “Treatise on Bridge Construction, 

48“QOn Struts,” by Professors Ww. B. Ayrton, 


ber 10 and 24, 1886. 


” by T. Claxton Fidler. 
and John Perry, The Engineer, Decem- 
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in which j is a factor depending upon the form of the member such that: 
j= 4 for solid rectangular sections; 7 = 8 for tubular sections; and j = 2 
for I and H-sections bending parallel to the web (for bending perpendi a1 ar 
to the web the same as rectangles). ne ; 
When s is between 1.1 Q and sy, 


se = & [2 era sane] REE cad $y 


Sy 


| nf which, sy = the stress at 0.2% permanent set; and ) is a factor that ranges 
from 0.05 to 0.12 depending on the particular alloy. ; 
When s is greater than sy, 


*e te = Ra [LS] ce eee 6H) 
; tu — 8 | 
In this way it is possible to extend Equation (11) into the plastic range for 
aluminum alloys. The maximum fiber stress, fm, can thus be computed 


for the plastic range by a simultaneous solution of Equation (11) and Equa- 
tions (83), (84), and (85). 


Fixity of the ends of columns may be considered by re-defining s, in the j 

more general expression, : 

N? x? EB : 

7 Se Typ AG oa Mis bs TOR ORR as wie eee Ue (86) a 
: (7) 

F. ' in which, N is the Eulerian constant for end restraint (that is, N = 1 for — 

Pi hinged ends; and N = 2 for fixed ends). a 


It was found that columns fail by bending when the value of fm reaches 
the modulus of failure for the material which for non-ferrous metals is prac- 
tically equal to the tensile strength of the material, except for cases of local 
buckling. 

E, : The writers have used the equivalent of the author’s Equation (12) to 
* determine the ultimate load-carrying capacity of a column of aluminum alloys 
* with the following changes: (a) sy is replaced by su, the ultimate carrying 
capacity of the member; (b) fy is replaced by fy, the tensile strength of 
the material; and (c), se is replaced by  s’¢. Thus, the ultimate 


“ ae It must be understood that Equation (87) applies only to columns ab 
fe ilas a unit and not to those that fail by local buckling or twisting. In some 
eases, local buckling can be taken care of by a proper choice of the value — 
of fu. ee 
__ These principles and equations can be applied to columns subjected to — 
a combination of axial and transverse loads by treating the transverse load 
Cor moment) as being applied first and considering the deflection produced x. 
a by this load as an eccentricity of application of the axial load. The amount 
of stress that can be developed by the action of the axial load (residual — 
stress, fr), is equal to the modulus of failure, fu, minus the bending stress, 


_ fr, produced by the transverse loads. A satisfactory agreement was found = 


between the strengths of heat-treated steel and duralumin tubes under com- ~ 3 


bined axial and transverse loads computed in the foregoing manner and 


2 _ obtained. from actual test. results.” 2 
For the aforementioned case of combined axial and transverse loading, 


‘Equation (87) becomes, 


Tho 
su = sah i TAS uhide LE (88) 
ig ere 
\ k it Su we 
Z S'e 
“a ‘in which, fp = the stress resulting from the transverse bending; and A b = the ae. 


deflection resulting from transverse bending, assuming the initial crooked- 


i ness to be negligible compared to the deflection. 
i The equivalent of the author’s Equation (13) becomes, 


is » er fo 
‘ ‘ == eoeoeov ere ere 
ay) Sw nN b 1 eee eee (89) 
CE ; gerne 
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The deflection resulting from the transverse loads, Ab, may be closely 


approximated by, 


dtdhalina © Utekeso lassie? tori hel ee ere ae 


STs T iin Under Combined Axial and Transverse Loading,” by L. B. 
Tucker SN” Petrenko, and C. D. Johnson, Technical Notes of National Advisory 
Com. for Aeronautics, No. 307, June, 1929. 


Substitting Equation (ot) into Equation (89) and replacing ik 


‘a ae — Peancion (89) pecouies, 
G 


ea Aas Ll 


Sy = 5 i 
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_ The writers did not use the secant formula to determine the equivalent of the 
~ author’s Equations (14), (15), and (16), because the expression became > 
quite involved when a reduced effective modulus was necessary. F 
Under the heading, “Columns in Rigid Frame Construction,” the antear 
refers to the elastic action of other members meeting at a joint causing — 
columns to act intermediately between pin-ended and completely fixed-ended 
conditions. Although he might have intended ‘pin-ended conditions to — 
-_ eover the case of columns with end moments, it should be stated that the 
ae other members framing into a joint might throw sufficient initial bending 
* into the column so that the ultimate strength in the assembly might be less 


: é than that of a pin-ended column axially loaded (without end moments)... An _ | 
extension of Manderla’s original work* taking into account the axial stressesin 


" 
: computing secondaries in a truss, leads to the conclusion that continuity in a | 
compression member offers no restraint in itself to end rotation as the load 
on the member approaches the buckling load. It would be of value if 
ra, Mr. Young would explain his conception of the end fixation of columns. 


F. E. Turneaure,* M. Am. Soc. OC. E. (by letter).“*5-The analysis of 
= columns presented by Mr. Young is a valuable contribution. In some respects 
je ‘ it differs somewhat from that presented by the Special Committee of the 
a Society on Steel Column Research,” while in other ways it is in agreement. 
5 In view of the importance of the subject and the comprehensive nature of 
“Te these two studies, it will be useful to compare them briefly. 

Mr. Young is in agreement with the Committee’s conclusions in regard 
ine to using the yield-point strength as the critical stress to be considered, and 
= that elastic conditions may be assumed for stresses below this point. The 
variation in yield point and in the form of the stress-strain curve in 
the vicinity of this point, both below and above, renders a more exact treat- 

ef ment of buckling strength of little practical value for structural columns. 


“Die Berechnung der Sektindars 
s pannung welche im einfachen Fachwerke in 
if starrer Knotenverbindungen auftreten,”’ Allgemeine Bauzeitung, 1880 ee 


* Cons. Engr.; Dean, Coll. of Mechanics and Eng., Univ. of Wisconsin, Madison, Wis. 
40 Received by the Secretary March 27, 1935: 


f 60 Transactions, Am. Soc. C, 9 x. , 
a ana vor mpactions, Am. Soc. C. H., Vol. 89 (1926), p. 1485; Vol. 95 (1981), p. 1152; 
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1d included in the eccentricity the effect of crookedness. The Committee — 
lected this method in order to simplify the analysis of its test Sethe ae eeem 
a definite eccentricity was used, and the final analysis leading to working — 

- ormulas was made by including the effect of crookedness in the assumed Be 
: eccentricity. The results of these two methods of procedure are not materially — 
‘ ‘different. Analyses of crookedness made by the Committee and reported oe 

~ its second progress report™ indicate a much lower value for crookedness co- B 
efficient than Mr. Young has used. From its studies the Committee adopted ae 


a “erookedness value, in terms of eccentric ratio, of “ = OOOd L yeas his! 
r 7 We 


compares with a value of about 0.003 fy which Mr. Young generally utilizes 
7 ’ T y 


Fl 


<1 A 


3 (3 = x). This is a relatively high value and much larger than appears 


_ to be justified by the studies of the Committee. ; ; 

a A column in a modern riveted truss is substantially a member of a rigid 
frame and, therefore, is subject to the secondary stresses, or end deforma- 
tion moments, that occur in such frames. Mr. Young suggests that these 
secondary stresses be calculated and the column formula modified accord- 
_ ingly for each member. In its study of working formulas the Committee 
carefully considered this matter and suggested that for ordinary design pur- 


| poses it would be reasonable to assume an eccentric ratio, a = 0.25, for all 
r 
 eolumns and to assume a free length (between points of inflection) of 75% 
of the full column length in applying the theoretical formula. A column in 
a rigid frame having 25% secondary stress at each end, and in such a 
Ca direction as to bend the member in single curvature, acts nearly like an 
 eccentrically loaded, pivoted-end column of one-half the length and with 
, an eccentric ratio of 0.25. 
The Committee felt justified, therefore, in using 


s fourths the full length for a practical working formula. 
these ideas resulted in a secant formula representing the ultimate strength 


of the column, based on yield-point strength. Any desired factor of safety 
could then be applied to this ultimate strength formula. The working 
formula that was suggested was a parabolic curve coinciding substantially 


a column length of three- 
The application of 


Fy 


: i, oe L 
~~ with the resulting secant curve within the usual working limits of — = 140 
- 


3 Transactions, Am. Soc. Cc. E., Vol. 95 (19381), p. 1152. 


rise tte 


ad ted the same eccentric ratio of 0.25 as for riveted BAC but increas me 
] free length to 85% of the full length, leading to the parabolic a f 


2 
s = 15000 — 3(4) ae nasa ue eta 
y 38\ fr 

_ For large and important structures, the writer endorses, fully, Mr. Young’s — 

of suggestion that secondary stresses be computed and the column formula — 
- modified accordingly. The Committee’s formula provides for eccentricity act- 
ing in the same direction at both ends. However, most columns in a truss 
_ will be bent in reverse curvature, resulting in maximum stresses at the ends; 
and such columns might well be designed at a fixed basic unit strength — 
without reduction for column length. For ordinary practice as covered. by gen- 
eral specifications, one would scarcely resort to such a separate calcula-_ 
- tion, and a single formula is preferable. 

_ The shear analysis presented by Mr. Young appears to be quite complete, 2.3 

and shows clearly the high stresses possible in short members, decreasing to a 

smaller value with increasing length and then increasing again for long 

members. In this case, again, the high values assumed for crookedness re- ; 

sult in shear values differing somewhat from those corresponding to the | 

column formulas of the Committee. The new shear formula recently adopted 

by the American Railway Engineering Association was based upon the 

analyses by Shortridge Hardesty, M. Am. Soe. ©. E., using the adopted secant ' 
a formulas as a basis. This new formula is an empirical one, but is con- 

structed so as to provide reasonably well for both short and long columns, as 


follows: 
r Ll t S 
V 1 100 r 
‘a —- = — ee a OE eS (95) 
me Vie 100 
YY ae 
‘ 


i > V ‘ 
in which, ra = ratio of shear to direct stress. 


$ It appears to the writer that the paper by Mr. Young and the reports 
N. ; of the Special Committee on Steel Column Research, taken together, present a 
clear picture of the underlying factors in the rather complex column problem, 
and suggest rational methods of dealing with the subject. 


: 
icity, but in spite of all the research conducted, the profession has VE 
1 empirical formulas for years, with the result that, to-day, the engineer 
a multiplicity of column formulas at his command, no two of which wi Wee 
giv identical results. ae oe ‘ 
- These formulas (whether straight lines, parabolas, or of the Rankine- 
ordon type), which have been in general use, are merely forms of wasted — 


geo) sap ibrong Rai 
The subject of ve 


. One of the disadvantages of such formulas (whether or not they conform +o 
test results of a particular material) is, that immediately the designer is 
__ confronted with a material with which he is unfamiliar, he feels the neces- _ 

: sity for an analysis which will interpret for him the principles as distinct ‘ 
_ from the incidents upon which experimental results depend. ; 7 
The chief disadvantage of the approximate formulas, however, lies in the 

fact that unless the engineer has a rational formula to serve as a standard, © 

he is in complete ignorance regarding their factors of safety, and this alone 

_ should be a sufficient reason for their condemnation. vps 

. It follows that the engineer must be in doubt regarding the stability of 

the resulting structures, because it is no criterion that such structures with- 

stand the loads for which they have been designed. 

fe Objections to rational column formulas have been raised because they have . 

~ been considered too complicated for general use. No formula for columns a 

could be so complicated but that a graph or tabular values of the dependent 

variable for different values of the argument could not be readily obtained, ge 

and this is all the average designer needs. His subsequent uses of the i 

formula, therefore, would involve no additional work beyond that entailed 


by the use of an approximate formula. 


Furthermore, in the case of an investigation, whether of failure of a 


column or for other reasons, the investigator would arrive at precisely the 
same formulas as did Mr. Young for similarly imposed conditions. 
A rational formula for columns cannot be condemned because it is com- 


plicated; neither can a straight-line formula be defended on the basis of its 


simplicity. Simplicity is a desideratum to be aimed at in any formula, what- 
ever its purpose, but if all the essential variants are absent, the formula 
ceases to be of general value. 

A formula for the design of columns should be one of general utility and 
= if it has a theoretical basis, then by a variation of the fundamental elastic 
BP constants it would apply to any material which obeys Hooke’s law and which 
has a compressive or tensile stress-strain curve. Moreover, if the factor of 


safety in the column formula is equal to that of the material in tension, the 


- resulting structure will have, within narrow limits, a uniform strength. 


Dept., Rendel, Paimer & Tritton, 
Secretary March 29, 1935. 
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~ which should | e ad th nds were . 
Seti po tion and direction this value would e jeterminate, 8 ; a 
fy condition is unattainable. ; ' 

Ay All members of a frame are subjected to pases Secink oaP consti = 

_ which make the effective length indeterminate, but the true effective length, 
of course, must be less than the geometric length. If the geometri 
ength were inserted in the formula, the designed column would have a 
trength greater than that calculated, provided, of course, the material was 

in no way impaired and that the secondary moments were properly assessed. ~ 
_ The value of the constraints will be less, in general, for increases in the yield | 
5 - stress, but no analytical law can be formulated to deal with this phenomenon. 

a - Moreover, the more slender a member is compared with those to which it 
is attached, the shorter will be its effective length. This statement, although — 
Pearce: serves in some measure to fix the effective length of a column. For 
instance, the web members of a truss are almost invariably of more slender 

proportions than the chords and, in consequence, their effective lengths are 
jess than their geometric lengths. In general, the chords receive little 
restraint from the web members and probably their effective lengths are their 
geometric lengths, approximately. . 
Throughout his paper the author has used the equation, 


FY tet So NON Ligeti Redd ing! coh. (96) 
dx? x 
which is sufficiently accurate for columns of solid cross-section. 
ee For built-up columns, the form is of importance and it would be necessary 
a in a rigorous investigation to use the more general equation: 
De ee aes 2 a 
Ba pp ft yy PES EM ae eae 
ee dx? AG dx? q 


a in which k is a constant depending on the distribution and form of the area | 
of the cross-section, and G@ is the modulus of rigidity. ] 

: However, considering the variation in the elastic constants and the diver- 

re i sity of column forms, Equation (97) would not be expedient for general use. 

j To avoid the anomalies in design created by the approximate formulas, | 

is) it is to be hoped that a rational formula for column design will soon be 

incorporated in all specifications for the design of structures. 

} So much research work has been done on structures, particularly in 

America, that it appears strange that the march of progress should be marred 

by adherence to ‘traditional standards, many of which, have no scientific 

significance. 


E. CO. Hartmann,” Jun. Am. Soo. C. E. (by letter).“*—The various factors 
involved in the rational design of steel columns have been treated in a com- 
prehensive manner by the author, but the writer is inclined to wonder how 
x much of the paper is likely to be absorbed in usable form by those actively 


ne *’ Research Engr., Aluminum Co. of America, New Kensington, Pa. 
Séa Received by the Secretary April 27, 1935. 


take into acco 
ry design specifi 


, fiber. Knowing this, he is perfectly competent to proceed with his design 
the usual manner, selecting a member on which the combined stress (bend 


v lus direct stress) does not exceed the allowable. sated 
eae ‘A simple formula for determining the allowable stress for all types of com- 
oe ression members, which incorporates practically all the principles in the 
‘ uthor’s paper, has been derived by the writer and his associates. For the sake 
a of simplicity the derivation presented herein will be made for steel columns > id 
using the’ same basic assumption as that adopted by the author, namely, that 
4 _ the yield-point stress is the limit of usefulness. It will then be shown how the 
derivation may be extended to include materials such as the structural alloys teeta 
_ of aluminum which have no pronounced yield point and, hence, have a range of | a 
useful stress above this point. 
Fig. 25 demonstrates a very general case of a pin-ended column having an - 
| a initial crookedness, A, loaded eecentrically at a distance, e, and resisting a 
side load as well as the column load. The dotted line ee 
represents the deflected position of the member under 
load. ~ 
Let the column load, P, and the side load, W, be 
the design loads for which a factor of safety, n, is to 
be provided. If the column is properly designed, the 
_ fiber stress from combined bending and direct stress 
should just reach the yield point if P is increased to 
n P, and W ton W, simultaneously. Therefore, the fol- 
sents the condition at failure: 


lowing equation repre 


nP jp are oP ac, wP Do whe — F508) 
A I I I I 
jn which, in addition to the notation of the paper, 
—D = the total deflection which accompanies the yield- 
point stress, caused by all loads combined, in inches; 
and M = the maximum bending moment produced by 
transverse loads, in pounds. Tt will be recognized that 
Equation (98) is simply a summation of the five com- 
ponent parts of the extreme fiber stress, based on the 
well-known fundamental equation for combined stress: 


se Py AC; 
eK gies! 


Transposing th 
the right-hand side and divi 
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e fourth term in Equation (98) to 
ding through by the factor of safety, 1: 


A I af I n vi 


Sin i P and W are pte.) ails altimate loads divided es the!: factors 
Z: fety, n), and since M is the moment produced by the design load, W. 
4 on the left-hand side of Equation (100) represent the ordinary de 
% -ealculations for combined stress on the extreme fiber of the member. The 
“ at equation states that if this calculated stress is equal to the terms on the see 
a factor of safety of n is provided against failure (yield-point stress). There- 


fore, the terms on the right constitute the allowable design sine, fos thus: 


uh : \ - | 
Be pe. Pian -2e. neato oem 
my id ich fe= the allowable Sees stress, in pounds per square inch, on the 

extreme fiber at the center of the unsupported length of any member subjected 
_ to combined bending and direct stress (includes eccentrically loaded columns); _—_| 
and fy = the allowable stress, in PopRS per square inch, for the member 
treated as a beam. 
_ The only term in Equation (101) that is unknown i is D, the ant ‘deflection 
accompanying the yield-point stress. This deflection may be expressed as the © 
sum of the effects of the various loads, but a simpler and more direct solution _ 
is to express it directly in terms of the known total fiber.stress, as follows: 


. (102) 


Equation (102) is readily derived by the use of the well-known moment-area 
theorem which states that the deflection at the center of a span is the bending 
moment at the center produced by the moment diagram, divided by ZI, 
considered as a load. 


The total bending stress at the center is fy — ra and, if M’ is the total 


moment causing this stress: 


_ Therefore, in this case, the center ordinate of the moment diagram, divided by 
7 ETI, is: 


Me. 
5 
ye 
= 
{>| 
ed 
one 
= 
re 
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ET VOB ee 
- The constant, x*, in Equation (102) results from assuming that the curve 
, of moments is a sine curve and in this respect Equation (102) is an approxi- 


Se 


RSW LSS ANS 


Bed 
a 
on 

a 
is 
2 
oa 
er 
és 
Bs 


Toa 
Er 

> a 
SERN 


3 a Ms 


ees 


i pce Met kash TTY 5 Goes Ties eeaee 
representing the Euler value, — 


A 


Se te cl 


The derivation of Equation (108) for end conditions other than pinned is 
relatively simple and leads to the same formula. The method preferred by the 
writer is to evaluate the end condition in terms of the equivalent length of — 


-pin-end column—that is, in terms of the length between the points of contra- 


flexure of the member. Thus, a fixed-end column acts the same as a pin-end 
column of one-half its length. Since the line of action of the column load, P, 
must follow the straight line joining the points of contraflexure, the derivation 
is simply a repetition of the foregoing, except that the effective length, z L, is 
substituted for L and the effective initial crookedness, z A, is substituted for A. 


2 E 7? 
. The value of z for completely fixed ends 


T 
The Euler value, se, becomes 


is 0.5. For round or pin ends, it is 1.0, of course, whereas for the general run 
of framed ends many designers use 0.75 as a representative average value. 

As previously pointed out, the derivation of Equation (108) is based on 
the line of reasoning adopted by the author in dealing with steel. For aluminum 
alloys and other materials which do not display the abrupt yield-point charac- 
teristic of steel, it is necessary to introduce into the derivation a suitably 


reduced modulus of elasticity, Ha, when the value of ae exceeds the elastic 


s ack oe same senate as that in the author’s p ; orl 
yeaseee anever that it applies to (anes transverse loaded; 


; es beam: pacts, abel on a 15-ft simple span (pin tine tg s 
under the combined action of an end load of 200000 lb and a distribut 
- transverse load of 20 000 lb, acting in the plane of the web. The following a 
the calculations: 
__ 200 000 
. NG 19.11 4 
and, the er mER axial compression = 15000 —4 59.6° = 13 800 lb per sq in - #1 
Consequently, the member is safe for the column load alone. 


(2) The bending stress (Axis 1-1) — 72000 x 15 x 12 


8 xX 88 
pate 15; and f, = 18000 — 5 x 15° = 16 900 lb per sq in. There-— 


fore, the member is safe for transverse load alone. 
(3) The combined fiber stress (Axis 1-1) = 10 500 + 5 100 = 15 600 lb per 


BR PT 15 x 12 rE 


sf 


= 10 S00 Ip ‘par: media 2 Gli op eee oe 
r 3.02 


— 5 100 lb per sq in.;_ 


Be? sq in.; — (Axis 1-1) = — 84: s, (Axis 1-1) = ca = 248 000 Ib | 

r | 

i, : . | 

ee per sq in; n = 33 000 ==) {8a te Se = 185000 lb per sq in.; and f» (Axis ] 

m 18 000 ri j 

es 71.1) =.16 90010 500 28 I 500) 46-400. Ib par stpanearhichipesneaal| 
135 


the member safe for combined load. 
In the foregoing examples it should be noted that, for checking the strength | 
ite of the member under column load alone, the smallest radius of gyration is used 
em (Axis 2-2), whereas for checking combined stress conditions the radius of | 
SS gyration is taken about the axis normal to the plane of the transverse bending 
5 loads (Axis 1-1). 
In using Equation (108) the end conditions for the transyerse loading should 

be consistent with those for the column loading. Thus, in the foregoing 
"3 example, if the member were assumed to have riveted ends, the value of se 
; would have been computed for z = 0.75," and, therefore, in computing the 
mm! bending stress from the transverse load the effective span should be reduced _ 
‘ CX HO OE Se NGe 
* 
% 
a] 


Specifications for Steel Railway Bridges (1934), Am. Ry. Eng. Assoc. 
5> Toc cit., Appendix <A, 
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which Bis the shear force, in pounds, produced by the transverse Toad, Wat i 
eglecting the difference between tan @ and sin 6 and dividing through by the © io ; 


stor of safety, n, gives the following equation: ot 


3 P(D tee 
Be? V=B+ nee TAR: Ley (111) 
pin: which V = the total shear force, in pounds, for which the column should bees 
designed (shear at failure divided by factor of safety). Substituting the value 
a of D from Equation (107), a pa sees be 


heSeR a ES 
zi: 


a: aS 3 ; 

|. Equation (112) is for pin-ended members only (z = 1). It may be generalized 
as to end conditions by using z L instead of L, and z A instead of A, in accord-_ 
~ ance with the foregoing discussion of end conditions; thus: 


alt yeaa : 

pn pelt eal ost, Ign aD (113) 4 

; zL 1 Cc | ; 
dP us 

: : 

a in which V = the maximum total shear force, in pounds, for which com- © 


pression members must be designed in order to provide a factor of safety < 
against shear failure consistent with that against column failure. The Euler 
value, se, Should be calculated for the effective length, z L. The shear, B, from 
transverse loads should also be that for the effective length, 20. . 
Equation (113) fits in nicely with Equation (108) since the two have a 
number of terms in common. It should be emphasized that the radius of | 
gyration, r, should be taken about the axis normal to the plane in which the 
shearing force, V, is acting. The distance to the extreme fiber, ¢, should be 
taken in a direction consistent with r and, in the case of unsymmetrical mem- 
bers having two values of c, the smaller of the two should be taken unless trans- 
verse loads or eccentricities are present which throw the larger compression 


stresses on the other side. 
Equation (118) like Eq 
author’s method when app 


uation (108) gives results in agreement with the 
lied to a column eecentrically loaded; and has 


_ 16900 — 10 500 _ 6.6074, 
135.000 


NS eh shear eroditsed be column denon in this member is lend yt 1% of ne) 7 He 
end load, and is a small fraction of the total shear. If the initial crookedness % ir 


. ind pen assumed equal to a , or 0.45 in., the resulting shear from cohen 


Ry action would be increased to 0.0116 P, and the total shear would be 12 300 Ib. 


In either case, of course, the column selected has ample web section. 


In his handling of the shear problem, the author has apparently overlooked the 
; ' - factor of safety. His v,, which is defined as “the average shearing stress when 
_ the load, P, is at its yield-point value,” is used in Fig. 16 for direct compari- | 
son with values taken from the American Railway Engineering Association 


specifications. He should have used vw, or Py cs das the same logie by 
n 


which sw in his Equation (13) is arrived at from sy in his Equation (12). 
This would have had the effect of dropping all his curves in Figs. 16 and 18 con- 


_ siderably. The writer wonders if the selection of an average design shear 


of 600 Ib per sq in. Would not have been affected by this correction. There is 
little in the paper to justify a blanket value of 600 Ib per sq in. under any 
circumstances. 

The author has pointed out the effect of shearing distortions on latticed or 
battened members. In the writer’s derivations these distortions affect only the 
magnitude of the deflection, D. In Equations (102 and (107) it is assumed | 
that shearing deformations are negligible. Actually, under the effect of trans- 
verse loads, the shearing deflection in a latticed member often runs as high as 
the bending deflection. Some account of this might be taken in Equations 
(108) and (113), possibly by inserting a suitable factor by which the term, 


( f— *) , is multiplied when latticed or battened columns are under consid- 


eration. This is a matter worthy of further study. 

The writer would like to emphasize the importance of the term, D, the total 
deflection of the member, in the foregoing derivations, This deflection is that 
which occurs just at the point of failure, or just as the extreme fiber reaches 
the yield-point stress. Dividing through the various equations by the factor of 
safety, n, does not affect the magnitude of D, so that in the formula for work- 


‘ 


oy £ m pea ia 318 { ice th s to al at. 
Seah { the ae re of fixati of the ends TaN At, 
- effectiv length, z L), the confo len 

e. Many a member which i 


i with respect to conditions just before failur 
P tically fixed-ended (z2 = 0.5) at low loads may be practically pin 
= 1.0) at or near failure, and should be so considered in doce 
The writer advocates the use of Equations (108) and (113) in actual 


Instead of such generalities as A = ~ and average shear stress = 600 Ib er 


rey { 
sq in., advocated in the author’s summary. The designer should be allowed A 
some latitude to evaluate such variables as crookedness, end conditions, and 
eccentricity of loading in the light of his own peculiar design conditions, Most 
designers will quickly simplify the application of Equations (108) and (113) ; 
p by preparing charts and other “short-cuts” for the routine problems, saving 

- the formulas themselves for the unusual cases that always arise. : i 


Epwarp Govrrey,” M. Au. Soo. C. E. (by letter).“*—The idea that ae 
column is imperfect, that it is not perfectly straight, and that imperfection es 
(lack of straightness) is directly proportional to the length of the column, 
is a rational assumption. Mr. Young’s attack on the problem of the 
column is in the right direction. A perfect column formula, except for 
slender columns, is not possible, because a perfect column is an impossibility. 
The imperfection of a column that is easiest to detect, in columns otherwise 
carefully made, is lack of straightness. In 1909, the writer pointed out” 


that by visual inspection one can detect deviation from a straight line, ot ae 
J 


about ae of the length of a structural member. This is the ratio sug- 


gested by Mr. Young. The writer chose as the ratio for a rational 
ic end application of the load. 

for the total extreme fiber stress which 
e bow of the column. His design curve 
Jumn, as shown in Figs. 9 and 10, is 


column formula to allow for eccentr 
i Mr. Young finds an expression 
includes the bending stress due to th 
for a rectangular section in that co 


almost a straight line for values of L up to 120 and for a bow in the column 
r 


equal to = of the length. It is evident that a somewhat larger assumed 
00 
bow in the column would give a still closer approach to a straight line. 
fe In the writer’s solution, using an average value of the radius of gyration 
| as one-third the depth of section, and an assumed bow in the column 
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a slenderness ratios of 150 or less. re pe - 150 the curve | r 


=n Kr 


3 Tt is : signifiant that this is suse about he Tipper limit of seruetivallaae 
Thus, a completely rational formula, too ema 


ra eae PRccaks that would ike a column Fattaety to ordinary Pceinodk 
re ee almost exactly with the common, well-tried, straight-line formula that never — 
fee dei: claim to any except experimental, empirical backing. yoo 
; The writer recommended that columns be divided into two distinct classes — 
(structurally permissible columns and slender columns), and that design — 
stresses in these two classes be based on entirely different considerations, © 
not forgetting, of course, the zone where the two classes overlap. The unit — 
ae _, stress to be used in the first class was based solely on the extreme fiber stress 

in a bowed column, subject to an endwise load, and that unit stress was _ 
shown to be theoretically determinate by the use of a formula of the type, q 


L 


4 16000 — 70 =. The unit stress in slender columns was recommended to 
* : Pre. r “2 
be on the basis of a factor of safety, say, about 2, based on the ultimate — 
load as shown by the Euler formula. There is no need of a factor of safety 
greater than 2 in slender columns, because the steel is in no manner dis- 
tressed in a slender column (even in one having a decided bow) until the - 
ultimate load is nearly reached. 

There need be no confusion in the two classes of columns. Specifications 
for structures need give no recognition to slender columns, except to exclude 
their use. All structural columns can be designed safely on the same straight- 

line formula, because there is extra safety in the range approaching slender 
at « columns; this is of advantage, because the weight of members and other con- , 
% siderations make it desirable. Slender columns and formulas for them should _ 
be reserved for such work as transmission towers, airplanes, ete. 

The writer is not familiar with present practice among Continental engi- 


E 


4 neers, but in former years they used the Euler formula with a factor of 
: safety of 5. This is an extravagant waste in slender columns, where the 
_ — Euler load is of real significance. The Euler load has no meaning whatever 
te in structurally permissible columns, 
a i 
oy 
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A DIRECT METHOD OF MOMENT 
. DISTRIBUTION 


Discussion 


_By W. P. Li, Jun. Am. Soc. C. E. 


2 


Va WwW. P. ir, J un. Am. Soc. C. E. (by letter).“*—The difference between iY 
¥ the original Cross method of moment distribution and the Lin modification ; sae 
may be visualized readily by the following formularized method of procedure: 


in a natural condition of restraint 
at ‘ fixed | 
when the joint at that end is released, the unbalanced fixed-end moment 
ee (Km) stift- 
a direct (K) 

the inter-related <tiffness). (Note that, in the modified method, 


Assuming an end of a member as being . 


is distributed among the members in proportion to the 


\ 


separate, elt 
7 , 


for unbalanced “carried-over” moments the distribution is only among the 


~ eonnecting members.) The moment thus distributed, is carried over to 


a modified 


the Cross 
factor. For beams of uniform cross-section the carry-over factor in the 
Cross method is —0.5. ; . 
‘In the foregoing, compound rule, the inserts in the “numerator” refer 
to the modified method and those in the “denominator” to the Cross method. 
Tt is evident that the modified method is not entirely direct in its application 
since it requires two steps instead of one for the solution of the problem. 
The first step, that of computing the modified stiffness and the modified 
carry-over factor, is usually lengthy, especially when the R-value must be 
assumed at the beginning, as for the closed frames. Thus, it seems that 
the modified method is only a variant of the original method. One can 
scarcely claim that the modified method ig more direct than the original; 


carry-over 


the other ends of the members in accordance with 


Nore.—The paper, by T, ¥. Lin, Jun. Am. Soc. C. E., was published iu December, 
1934, Proceedings. Discussion on this paper has appeared in Proceedings, as follows: 
March. 1935. by Messrs. LT. E. Grinter, W. H. Huang. Felix H. Spitzer, Harold H. Wess- 
man, Egor P. Popoff, and Let. Byvanss and May. 1935, by Messrs. C. S. Salter, Leon 
Blog, Austin H. Reeves, BH. J. Bednarski, John T. Howell, and 1. Oesterblom. 
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(a) NON-DISTORTED TRUSS 
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+1225 ft-lb —438ftIb“~ —62 ft-lb —225ftIb 
oa ‘ . hs 
(c) SIGN OF MOMENT 


TERS: | SSCA Cs 
| $ (1.225 +0.438 } =0.208 | 00205-0062) =0 0204 
0.208 0.0204 
(d) MOMENT DIAGRAM (e) COMPUTATION OF SHEAR 
Fie. 23 i "a 


Adopting Professor ‘Cross’ sign convention, the conventional left and 
right for each joint can be easily seen from the distorted form of the truss, 
as in Fig. 23(b). The computation may be arranged as shown in Table 4. 
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B ¢ = 6 ; 
18.105 + (1.324 + 1.356) F = 14.71 kips 
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(a) ASSUMED FIXED-END MOMENT (6) MOMENT AND THE CORRESPONDING 
SHEAR RESULTING FROM 4 
THE ASSUMED FIXED-END MOMENT 4 
| 
al 
Note: The Moment in Fig. 246 to be Corrected = ater { 
and the Actual Joint Moment Equals the ; 
Moments in Fig. 23 c Plus the 
: Corrected Moments. 
+1225 — 0.438 B ~ 0.062 — 0.225 5 
+0.950 — 0,872 +0.872 — 0.960 
+2,175 —1.310 +0.810 — 1.185 


(c) ACTUAL JOINT MOMENTS 
Fie. 24, 
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oint undergo side-sway if subjected to wind pressure | 


TABLE 4.—Moment Distrisution 
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however, Joint D is held against side-sway by the horizontal member, ADC, 
which is twice as stiff as Member BD. The shear correction for the side-sway 
of Joint B can be computed as follows: (1) Find the horizontal force to 
be applied at Joint B in order to hold it against side-sway; (2) assume a 
system of convenient fixed-end moments and find the final moment-and the 
corresponding horizontal shear at Joint B; (3) by proportioning the force 
and the shear thus computed, find the moments to be corrected at the joints 
due to side-sway; and (4), combine the corrected moments with the moments 
obtained by simple moment distribution (as in Fig. 93(c)) to obtain the 


actual joint moments. 


ELASTIC PROPERTIES OF RIVETED 
CONNECTIONS — | 


Discussion 


™~ 


By E. MIRABELLI, M. Am. Soc. C. E. 


E. Mrraseru,” M. Am. Soc. C. E. (by letter).“*—In Table 3 the author 
intimates that the carrying capacity of beams under gravity loading may be — 


increased by as much as 95% by making use of the end restraint provided 
by the connections. This percentage approaches, very closely, the theoretical 
maximum of 100% which would occur with a perfectly balanced design when, 
under full working load, the connections yield just enough to make the bend- 
ing moment at mid-span equal to the restraining moment at the connections. 
Such percentages may lead to unwarranted optimistic conclusions regarding 
the extent to which economy is possible in an actual design. The possibility 
of extremely large savings from utilizing resistance of connections is doubt- 
ful for an ordinary building frame, for the following reasons: 


(1) The elasticity of the connections differs from that of the remainder 

_ of the beam and, as a result, the stresses developed in the beam are not pro- 
portional to the applied load. The bending moment at mid-span increases 
more rapidly than the loading, whereas the bending moment at the end in- 
creases less rapidly than the loading. The variation’ for Specimen 10 
(see Table 3) is shown by the calculated curves in Fig. 38. Because of this 
characteristic, the factor of safety based on unit stresses is larger than that 
based on loading. For example, if the factor of safety is 2 measured to the 
yield point-for the beam of Fig. 38, the resisting moment at the yield- 
point stress is twice that at the working stress. As indicated by the broken 
lines, the applied load at the yield point is less than twice the working load. 
The factor of safety based on loading for the case shown is only 1.78, 
whereas the stress intensities indicate a factor of 2.00. The importance of 
dealing with applied loads rather than with unit stresses may be appreciated 


Norn. The paper by J. Charles Rathbun, M. Am. Soe. C. E., was published in Jan- 
vary, 1935, Proceedings. Duscussion on this paper has appeared in Proceedings, as fol- 
lowe. Pe CREM IN by Sa a Goodwin, Assoc. M. Am, Soc. C. E.; and May, 1935 
yy Messrs. Harold C. Rowan, Walter Scholtz, J. F. Baker, L. B. Grinter, ; : 
and K,. B. Jackson. : ee ee 

2 Asst, Prof., ‘Structural Eng., Mass. Inst. Tech,, Cambridge, Mass. 

20a Received by the Secretary May 2, 1935, 
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Fic, 38.—RELATION BETWEEN APPLIED LOAD AND BENDING MOMENT i 


indicates how some of these percentages are reduced if the factor of safety is pt 
based on applied loads. The allowable excess load is reduced by an average 
of about 30 per cent. | E; 


TABLE 5.—Comparison of Excess (Untrorm) Loaps Dur To CoNnNECTIONS 
(1 Kip = 1000 Pounds) 


) 3 = 3 as Loap, In Kips, | PerceNTAGE 8 3 28 Loap, 1n Kies, | PERCENTAGE 
a = EB] ‘Kuowep oN | ArzowasLe || | 8:2 | AntowED on | ALLOWABLE 
s 5 a8 RESTRAINED |Excrss WHEN|| & & afl ResTRaINeD |HxcEss WHEN 
a ‘Sj ek BreamM_WHEN FacTOR OF Eas 8 | Beam WHEN | Factor OF 
2 Heel pes THE FACTOR Sigeanvals o Sea ees ie pHe Factor | Sarety Is 
2 ee] 4 $ or Sarety Is Bikanp ones ll = ee] = $ | or Sarery Is | Based on: 
; =| oo Ms BaseD ON: ; d rs a BASED ON: 
a | 2 | as eect: 
ie 3S q ade ‘| 4 3 
5 5. Ss an Stress Load _ |Stress| Load & a Sh Stress | Load | Stress Load 
n n 32 an|a| Qe 
1) | (2) (3) (4) (5) (6) (7) C23), je ak) (5) (6) (7) 
2 8 21.3 26.1 24.5 22 15 12 | 12 36.0 | 62.4 54.7 | 73 52 
4 12 36.0 41.3 39.9 15 11 15 | 16 | 108.1 | 210.6 184.3 | 95 efi 
6 18 59.0 71.8 67.4 22 14 16 | 22 | 127.6 | 248.0 202) On| ot 58 
8 12 36.0 49.7 44.5 38 24 18 | 16 | 108.1 | 206.0 188.2} 91 74 
10 12 | 36.0 | 56.0 49.2 55 37 ee ee leet Sate nce |\ nei Fe rial Mots Gx: 


ay bet offset by” an increase in required material for columns. 
— (4) Table 3 was compiled for uniform loading which leads to more ‘ae ; 
able results than concentrated loading. As an illustration, with a concen- 


are changed eon 55 and 95 to 43 and 68, respectively, and Percentages 3 


avd 


and 71 are changed to 31 and 55, respectively. 
(5) From the possible economy in material must be dedueted the added 


cost of the more complex analysis involved in the use of end restraint. The 


method of analysis undoubtedly would be simplified through experience, but 
would always be more costly than the analysis with unrestrained connections. 


Regardless of whether or not very large savings can be accomplished, 


information of the type given in this paper is of great value in providing an 
essential “missing link” in the precise determination of stresses in building — 


frames., 
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~ HYDRAULIC LABORATORY RESULTS AND ion 
THEIR VERIFICATION INNATURE 


Discussion 


By Messrs. J..C. STEVENS, AND PAUL W. THOMPSON 


“a . 
4 


ss J. OC. Srevens” M. Am. Soc. C. E. (by letter).“*—“Man marks when he | 
hits but fails to mark when he misses.” The author has given some excellent 
examples confirming the behavior of open river models by prototype perform- 
ances. It is truly remarkable that the small-scale models and distortions 
between horizontal and vertical dimensions which it was necessary to adopt, 
should show such excellent similitude of behavior, and this is all the more 
remarkable when one realizes that the model sands could not have differed 
greatly from the prototype sands. To reduce sizes of model sands to simulate 
- prototype sands is impossible, of course. If it were done the model material 
| would be colloidal. 
3 It would have been most instructive if the author could have drawn from 
E his magic bag an example or two in which prototype performance failed to 
conform to model behavior, and explained the “why” of the failure. It is 
vitally important to be able to recognize the limitations of models and to 
stay within those limits. Failures are the most potent means of defining 
those limitations. 

The writer, therefore, offers the following negative “verification” with the 4 
belief that it will be just as instructive as the author’s positive ones. 

Field tests of three of the seven Leaburg siphons were made by the writer, | 
and the results have been fully deseribed* Three models of Siphon No. 7, 
to scales of 1:20, 1:15, and 2: 15, had been made and tested independently, 
and a study of the published” results will reveal the following points of 
dissimilarity between model and prototype performances: 

1.—It was impossible to simulate the cavitation effects found in the proto- 
type. Velocities practically corresponding to a head of 1 atmosphere were 


Norp.—The paper by Herbert D. Vogel, Assoc. M. Am. Soc. C. H., was published in 


January, 1935, Proceedings. Discussion on this paper has appeared in Proceedings, as 
follows: May, 1935, by Messrs. W. F. Heavey, Chilton A. Wright, Paul S. ‘Reinecke, 


Morrough P. O’Brien, and John A. Jameson, jin 
117 Cons. Hydr. Engr. (Stevens & Koon), Portland, Ore. 
ita Received by the Secretary April 30, 1935. 
18‘Qn the Behavior of Siphons,”’ by J. C. Stevens, M. Am. S 
Z, Am. Soc. C. E., Vol. 99 (1934), p. 986. 
ie 19 Transactions, Am. Soc. C. BR. Vol. 99 (1934), p. 1008; also, Engineering News- 
: Record, August 18, 1932, D. 187. 
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eos oe soatiotents of discharge va tha suede were higher ata for t 


prototype. Based ‘on the outlet area of the ae the coefficients of fo 
eae 
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, were: 

Coefficient Percentage 
Models of Flow Error of Model 
Prototype, No. 7 Siphon.. : 
1:20 model .. 
Fler aero Gl Glin «5.0, nema ser eee naeesereeti 
2-1p model is. .« 


“The models showed consistently higher discharges than the prototype, 


‘= and the larger the model the greater the error. This is believed to be due to — 
the eddy losses in the prototype as a result of cavitation that did not exist 


in the model. 


3.—The depth of flow on the crest of: the siphon summit necessary for 


priming was much less in the prototype than in the model. At first, this was 
attributed to air leakage around the. priming gates of the prototype. In the 
models, as the fore-bay rose air was compressed in the summit which pre- 
cluded the possibility of obtaining sufficient depth of flow oyer the crest to 
prime quickly. 

A small air outlet at the summit of the 2:15 model was provided to simu- 
late the air leakage at the summit of the prototype which improved somewhat 
the sensitiveness to priming of the model. The question arose: If the leak- 
age around the primer of the prototype were stopped would it require a 
greater depth of flow to prime? In order to test this, the priming gates of 
all three siphons were later sealed tightly and tested for priming head. The 
siphons became more sensitive and primed with less depth of flow than before 
sealing the gates, as the following will show: 


Head Required to Prime, in Feet Siphon No.7 Siphon No.6 
IPEiers UNSCAIEH a coke hme he eee oes 0.41 0.34 
ATtors sealing’ primer stews tack ches coe 0.19 0.20 


The explanation of why the siphon models failed in these important 
particulars to predict prototype performances probably lies in the fact that 
the tests were based on the Froudian similitude for gravity forces, whereas 
friction forces, including eddies and impact, have effects of nearly equal 
magnitude in producing the phenomenon of flow through them. These fric- 
tion forces become of great importance in the prototype on account of the 
high velocities, but are of lesser moment in model performance because of 
the relatively low velocities that obtain in them. 


ata 


A th ' 
prototype have checked data previ 
fr that prototype. His paper presents 
ts of e most extensive, and successful, attempt. 
2 to confirm model results by actual data from the prototype. epee aS oke> 'S 
Ba ‘Tt appears that the illustrations of the paper offer almost conclusive proof 
: to the proposition that small-scale models are capable of yielding dependable 
< ualitative data, even in the cases of problems involving erosion and trans- Bits 
y ortation of débris by rivers. It might even appear from the illustrations that 
- quantitative results have been obtained from the models; however, such 
7 appearance is probably coincidental rather than real. There are a few stub- vA 
_ born facts, each of which seems to preclude the possibility of any precise 5 
» uantitative interpretation of data derived from small-scale models, at least ar 
~ in so far as problems in erosion and transportation of débris are concerned. 
s a To begin with, he who would study problems involving the transportation : 
;, of débris in natural rivers is confronted by a phenomenon about which little — 
is known. It would not appear to be possible to simulate exactly a phenome- | 
~ non when the phenomenon itself is imperfectly understood. eae 
The troubles of the experimenter are not confined to the difficulty of: 

4 attempting to simulate characteristics about which he knows little. Fre- 
quently, he finds himself unable to simulate those factors about which he does 
- know something. Thus, most of the models described by the author were 
built to a horizontal scale of 1 to 1 000 and to a vertical scale of 1 to 100. 
Such distortion of linear dimensions was necessary and, as the results of the. ee 
experiments show, was justified. However, there is no question but that dis- ay 
tortion affects the behavior in a model. Just what the effects may be seems : 
ey to be beyond accurate determination at the present time; but it does appear 


unreasonable to believe that a model which is geometrically similar to a river 
d, can yield precise quantitative e 


ten times as deep as the one being investigate 
— results in regard to the latter. 
‘The fact that data from small-scale models are often not quantitatively 
dependable should cause no one to conclude that model studies are a waste of 
~ time and money. That carefully designed models are capable of yielding data 
which are qualitatively and comparatively dependable is enough to justify 
the use of such models in almost any problem in hydraulics involving large 
expenditures of money. Perhaps a time will come when models which produce 
quantitative results can be built; however, by that time science will probably 
know all the answers that the models can give. Meanwhile, the Engineering 
- Profession is indebteded to Lieut. Vogel for another convincing presentation of 


the possibilities .of model research. e 


21st Ideut., Corps of Engrs., U. §. Army; Asst. to Dist. Engr., Omaha Dist., 
te Missouri River Div... Omaha, ebr. (Formerly Asst. to Director, U. S. Waterways 
y Experiment Station, Vicksburg, Miss.) 


20a Received by the Secretary May 8, 1935. 
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-_ BY MEANS OF CEMENT INJECTIONS | 


Discussion 


; * By MEssrs. OREN REED, F; F. FERGUSSON, AND JOSEPH WRIGHT 


Oren Resp, Assoc. M. Am. Soc. CO. E. (by letter)““—A helpful service 


to those members of the profession who are interested in the design and 


maintenance of masonry dams, has been rendered by Mr. Cole. Leaky 


masonry dams are difficult to repair successfully. 


An attempt was made to stabilize the Ringedalsvand Dam, in Western | 


Norway, by cement injections but this method was soon abandoned for an- 
other. The writer had occasion to inspect this structure in 1930. The first 
section, built in 1912-1913, was constructed of granite blocks pointed up 
with 1:2 mortar. This section has a maximum height of 54 ft. From 1914 
to 1918, the dam was raised by constructing a concrete structure back of the 
initial section and incorporated with it to give a maximum height of 112 ft. 
The body of the dam is constructed of 1:5:6 concrete with about 30% 
“plums.” The up-stream and down-stream faces are of granite. Back of 
the stone facing on the water side there is a tightening layer of 1: 24:3 
concrete. The thickness of this rich concrete, measured from the water face, 
varies from 3 ft at the crown to 10 ft at the top of the original masonry 
dam. Immediately behind the rich tightening concrete is a drainage system 
consisting of a double row of vertical drain pipes on 24-in. centers. These 
‘vertical pipes are connected to a horizontal header, which empties into the 
inspection gallery, whence the water is conducted to the down-stream face of 
the dam. 

An effort was made to inject cement into the tightening layer during the 
summer of 1927, in two adjacent blocks of the structure, which constituted 
a length along the crown of 180 ft. In all, thirty-seven grout holes and six 
observation holes were bored for testing and grouting. They were located 
about 3 ft from the up-stream face and were bored vertically to depths 


Norn.—The paper by D. W. Cole, M. Am. Soe. C. E., was published in Feb 
Proceedings, This discussion is printed in Proceedings in order that the viewer eke 
may be brought before all members for further discussion. : 

3 Asst, Hngr., Tennessee Val. Authority, Pickwick Landing Project, Corinth, Miss, 

8a Received by the Secretary April 22, 1935. ~ 


STABILIZING CONSTRUCTED MASONRY DAMS — 


od eae? 


observa 


| together with 390 ft of 
- : The first holes were Spaced 9.8 ft apart, but the distance was Tone fo: 
_ too great and intermediate holes were bored. Pressure tests and observ. 
; tions indicated that the 4.9-ft spacing was still too great, but it was not 
b decreased. The holes were not bored to their full depth at one time, bu 
ro _ Stages, depending on the soundness of the concrete. The tightness — 
- of each length of hole was tested by water pressure. Cement was injected at — 
a pressure varying at the nozzle from 0 to 294 lb per sq in. A total of ; 
276 600 Ib of cement was used, divided into the four groups of holes as 
i shown in Table 4. The part of the dam under treatment had an area of — c 
about 11300 sq ft. Therefore, more than 24 lb of cement was used per 
E sq ft of dam ‘surface. 

- . 7 

TABLE 4—Crmentation Recorp, RineepausvAnp Dam, Norway 


ee a ee 


Cement used, Total length of pare nsies! Average use of cement, 
3 Group No. in pounds in feet in pounds per foot 
1 70 600 621 113.7 
Yo. 29 900 548 54.5 
3 126 900 21 126 112.7 
4 49 200 390 126.0 


‘f For Groups Nos. 1, 2, and 3, Table 4, a mixture of approximately equal 
é parts of cement and water was used, or about 9.9 Ib of cement per gal of ; 
| —s water. A thin mixture (3.9 Ib per gal) was used in Group No. 4. As “Ke 
Ln shown in Table 4, an average of 113.7 lb of cement per ft of hole went into 


i Group No. 1, where the distance between holes was 9.9 ft, whereas only — 
ig 54.5 Ib of cement per ft went into Group No. 2, which was placed midway 
a between the holes of Group No. 1. There was considerable variation, how- — 
he ever, between the cement use of the different holes. Injection in five of the 
six observation holes, which were placed between the holes of Groups Nos. 1 
and 2, showed the largest average use of cement—127 Ib per ft of hole. A 
thin mix of 3.6 lb of cement per gal of water, was used for these holes. 
The injected material had probably spread over a large area, especially up 
stream to the stone facing and down stream to the drainage system. For the 
most part, the cement was injected when the lake level was low, but some 
holes were treated when the water level was at its full height. The leak- 
age water did not seem to indicate a severe loss of cement. 

The objective which was set up at the beginning of the work, respecting the 
clogging of the drainage system, was not attained. The cement paste did 
not reach the inspection tunnel except in a few places, but the drainage 
fs system was put out of operation at several places, as evidenced by the 
a leakage which appeared on the down-stream face of the dam directly back of 
2 the injected section. Measurement of the leakage before and after the cement 
fi injection showed that about 76% of the leakage was stopped. 


ge e Jay 


‘Sor 


ee os 


ive it will be difficult with cement injected in the foregoing manner to 


| result 0! the Acre tes ‘ssh fully | $2 cory. E 
of L leakage was stopped, a relatively large - part still ‘remained. 
ah pag ae in the concrete would Be ig mee and 


2) Bord holes, aha passages in the concrete were partly filled with a 
organic slime, or had a coating of slime on the wall surfaces. During ie 

injection the cement would mix with the slime, and the slime would pos- 
Deer or weaken the setting and hardening of the cement. In all 


prevent partly filling the drainage system. Therefore, leakage will find a 
way through the lean concrete in the down-stream part of the section, and 
wash out the soluble portion. 


Due to the foregoing disadvantages of the cement-injection method, it 
was not continued and other solutions were studied for the repair of the dam. 
The adopted method of reconstruction, begun in 1929, consisted of building 
a concrete flat-slab dam 64 ft in front of the up-stream face of the old dam 
and resting against it on struts. The new vertical deck was proportioned to 
take the full water load so that the only purpose served by the original dam is 
as a support. This work was completed in 1931. 


F. F. Frereusson,* Assoc. M. Am. Soc. C. E. (by letter).**—Because it is a 
record of a difficult work, completed satisfactorily, and because its author has 


' given such precise detail as to the method followed, this paper should prove of 


great practical value. It is particularly interesting and valuable to engineers in 
India because it draws attention to weaknesses in a type of construction which 
is probably peculiar to that country, namely, the use of lime instead of 
cement mortar or Portland cement concrete, in hydraulic structures. 

The widespread use of lime is due to its general occurrence geologically 
in the form of “kankar”, the ease with which it is quarried and prepared, and, 
consequently, its cheapness as compared with cement. The cost of masonry 
work in lime mortar in the region around Jodhpur is less than one-half that 
of masonry in cement mortar and less than one-quarter the cost of massive 
concrete work; these considerations force the engineer to use the lime pre- 
pared locally for almost all work, important or otherwise. 

The weakness of lime when used for hydraulic works, such as dams, canal 
walls, and overflow weirs, is abundantly in evidence in many parts of India, 
but probably no where more so than in Rajputana, where the surface of the 
country is littered with masonry walls of all sizes built across stream beds 


Ta An en ee Oi ER Sr reese EEN on a SLRS ee 

i aL Senior Executive Hngr., Dept. of Public Works, Jodhpur Govt., Jodhpur, Rajputana 

ndia, : 
‘a Received by the Secretary April 29, 1935. 
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is immedia nsoons, 
r undertaken, At some time or other during thei 
h P these walls or dams have been breached, and the ‘reas 
zled the writer because many of the structures observed were statically — 
ae e even with greater overtopping than could have oceurred. Eventu ly, ee 
, it was traced to the fact that water gains access through joints in the mortar i 
* and eventually passes through the wall, leaching out the lime in its pass ry} 
9 ‘This action has been found to be especially drastic in a wall through which t 
_ writer had to cut recently in making some modifications. The wall, which 
is subjected to a pressure due to 25 ft of water, is 5 ft thick at the ground. bit: 
2 level and is backed by a bank of sand on both sides, the bank on the water : 
q side being pitched to protect it from wave action. The rock used in the at 
_ masonry is a hard rhyolite that splits with smooth faces. It has been found — 
that the lime has poor adherence to this stone and probably this may be said : 
of the trap-rock, of which the dams described in Mr. Cole’s paper, are con- 
structed. It is also a well-known fact in Rajputana that the local masons _ 
prefer to work with sandstone and not with granite or rhyolite, because they es 
find difficulty in making the lime “stick” to the stones. 
re The writer has constructed several small dams in sandstone or rhyolite, 
according to the geological formation of the locality, but in all cases the 
greatest care has been exercised to grind the lime fine and to use a mixture 
of 1 part lime to 1 part clean sand, to avoid regular courses in the masonry, 


and, finally, to rake out the mortar in both the up-stream and down-stream 


faces, and to point deeply with a mortar consisting of 1 part cement to 2 parts tr 

a. fine clean sand. ‘This procedure has prevented leaks effectively and should | 
34 form a rigid part of all specifications for this class of work. * 
fs The author’s reflections on the stability of gravity dams is also of interest, 
as the writer has in his jurisdiction a 95-ft masonry dam, built about forty ‘s 

a years ago, in which the resultant, due to water level with the crest, falls far 


outside the middle-third. The masonry is so deplorably poor that the dam 
is emptied through leaks within a few weeks of filling; it has had a 38-ft sur- 
ie charge over its entire length and yet has shown no sign of failure. Notwith- 
4 standing these facts the writer agrees entirely with the author’s final 


paragraph. 


JoserH Wricut,’ M. Am. Soc. C. E. (by letter).°“—This is a most concise 
and thorough account of a novel and interesting job well done, wherein 
experience, meticulous care, and a full understanding of the difficulties 


encountered, and the hazards, involved, were conspicuously essential to the 


2 success attained. The profession is much indebted to the author for a full 


and clear description of the work. 
The work on these important Indian dams indicates not only what may 


be done to save defective dams, but emphasizes more forcibly what must be 
done to avoid such defects. A dam that permits water to percolate through 


5U. S. Engr. Office, Nashville, Tenn. 
5a Received by the Secretary July 17, 1935. 
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s he close spacing and total length of drill holes rier and the 
7 cement used is s staggering, Lies is not eet when it is. a 


Cat adiny tons of cement which found its way out of the dam iia _ ra: 
would have facilitated the cementation process. 
_ Since no dimensions are given upon the dam sections shown, the shor "y 
comments concerning their refusal to fail as would be expected in accordance 
with accepted principles of instability, cannot be verified. The sections do 
seem light; and although the writer can agree fully that dam builders “should 
take no chances on the soundness of their materials, or the competency of 
their workmanship and field direction”, he cannot agree that any chances 
should be taken in the provision for uplift. If all dams were founded upon 
basalt, or granite, one might reduce the allowance for uplift with safety. 
- Dams fail more often by sliding upon strata beneath their bases; and where 
the foundation rock is stratified and horizontally bedded, it is believed that 
designers err more often in the other direction. In his closing discussion, 
it is hoped that the author will supply dimensions of dam sections, and will 
show the resultants of forces acting upon their bases. _ 
On the whole, this paper is a model for a concise, clear-cut, detailed 
_ review of a completed job, and is most valuable for the data presented. 
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THE HYDRAULIC JUMP IN TERMS OF ; 
, DYNAMIC SIMILARITY _ oh 


Discussion 


By Messrs. F. V. A. E. ENGEL, BALDWIN M. Woops, AND 
J. C. STEVENS 


F. V. A. E. Encet,” Eso. (by letter).”*—The investigations reported in this 3 


paper are of particular interest to the writer and they are a valuable contri- 
bution to the application of a dimensionless presentation of hydraulic test 
results in open-channel flow. In these days the application of the Reynolds 
number is a common occurrence in analyzing the frictional coefficient in 
closed conduits, the discharge coefficient of orifices and Venturi tubes, ete. 
Nevertheless, few papers deal with the specific problems of open-channel flow 
on that basis. 

Several pages of the paper refer to “Theoretical Premises,” which involve 
the Reynolds, Froude, and Boussinesq numbers. The remarks concerning the 
Reynolds number are quite consistent with the usual conception of that 
expression in hydraulic engineering, but the writer would like to suggest some 
modification of the sections on the Froude and Boussinesq numbers, especially 
as he feels himself responsible for introducing a term which has been 
ealled the “Boussinesq” number. 

The kinetic flow factor, known as the Froude number, was applied for the 
first time in a similar form by Th. Rehbock in 1919 for the calculation of 
the head losses for water flow through bridge piers. This factor (see Equation 
(2)) is given as twice the ratio of the kinetic energy head to the potential 
energy head contained in each pound of liquid flowing at the depth, d. The 
velocity, V, is the mean velocity obtained by dividing the rate of flow through 
the cross-section of the stream. This expression certainly ig very convenient 
and may also be sufficient in some cases; but Coriolis, de Saint Venant, and 
others have shown that it is often necessary to use a value which takes into 
Boris A. Bakhmeteff, M. Am. Soc. C. E., and Arthur E. 


. was published, in February, 1935. Proceedings. Discussion 
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28 Director of Research, Blectrofio Meters Co., Ltd., London, England. 
20a Received by the Secretary April 24, 1935. 


©, UAY a 


7 Sore . : - es) Lae ha aie ek = ad + eee ceee Lie mdoydrees 
n which a is greater than unity. : Yee 
_ Equation (12), therefore, would become: be “By ek 
‘agi ser ; 1 : L wre ; ; “es 
Bsa, a re ee fe gee a Sa GA Fa Sets Ts cdkias bo ae 
‘ s+ €p gd = y 
oe This expression, including a, would certainly be rather tedious to evaluate, — 
and the reason for presenting it is mainly to show that the relations given 
by the authors are not quite as simple as they would indicate. They point 
out that “the hydraulic radius is related inherently with friction effect.” Ino 
turn, the friction effect influences the velocity distribution and also the new 
term, a, in Equations (88) and (39). It seems quite reasonable to com- 
bine a and d in Equation (39) in such a manner that it becomes: 


i 


y: 
a 
d 

res 


a 
and to replace the ratio, @ (which has the dimensions of a length, but also 
: a 


takes into account the velocity distribution), by 7’, the hydraulic mean radius, 
aa obtaining Equation (18), the dimensionless quantity which has been called the 
_.  Boussinesq number. 

The writer has made extensive use of both the Froude and Boussinesq 
numbers in his present investigations on flow through side-contracted open 
o4 channels (Venturi flumes).* The Froude number characterized a+ type of 
eS flow which is known as “free discharge.” For a given rate of flow “free dis- 
Be charge” is defined as that condition under which the up-stream depth is 


oi unaffected, whatever the down-stream. conditions may be. } 
; The occurrence of a hydraulic jump could not always be determined by a | 

a “critical” Froude number. Rehbock* and other investigators also found that 

" the “critical depth” had not yet been reached by the water level in the narrow- 

‘oy est section of the contraction in spite of the appearance of surface rollers, >| 


which are commonly attributed to the presence of a hydraulic jump. Rehbock 

regarded this “partial change to rapid flow” (“Teilweiser Fliesswechsel”) as 

4 being due to an uneven velocity distribution. In some section’ of the water 
4 stream, there is a sufficiently high velocity to produce a state of rapid flow. 

The writer has analyzed® the expression which Professor Rehbock used 

Z to determine the first occurrence of a hydraulic jump. Rehbock’s relation is 


+ 
eS Se ee tS BS I eR es Sas ee Se 
i “«“Hlemente der Technischen Hydromechanik,” by R. v. Mises, Leipzi 
; 1914, pp. 153-155, J Sg ee 


. 
_. %“Non-Uniform Flow of Water: Problems and Phenomena in Open Channel ith 
Perris Toon ake eats A, ve ba ae ie ee al Vol. 155 (1988), pp. 892 £0 394: 
29 to ; and 456 to 457; and “The Venturi ume,” The Engi 5 : 
pp. 104 to 107; and 131 to 133. Ue oa eit tek See ae 
“= Zentralblatt der Bauverwaltung, Vol. 89 (1919) pp. 197 to 200. 


3 “Venturi-Kanalmesser: Die messtechnischen BHigenschaften in Abhiingigkei 
Ce by F. V. A. B. Engel, Archiv fiir technisches Messen, No. 16\ Maxce 


ae 


a iP hreictoriec the pee from one aie: to fiothac 
a Sart The attacks on the Boussinesq number seem to the writer to be. r 
unfounded. Three different applications have proved the usefulness of t 


> he %; 
pe ei idetaltt with regard to the eaone to which it simplifies the presentation 
Be tivetranulie: test results, even if the definite theoretical proof is not 
_ established. 

In three cases the aisiticatton of the Boussinesq number has been foe ‘i 
to yield some simplification in presenting the following hydraulic features: 


(1) The discharge coefficient of a Venturi flume in the range. of: ‘rapid | 
flow i is a linear function of the Boussinesq number.” prs 

sg (2) The dissipation of energy in the case of a Venturi flume tor the 

— £“ilimit of free discharge” can be presented in a simplified way by plotting the 


ratio of the down-stream depth to the up-stream depth against the Boussinesq 3h 
a number for a section in the throat;” and ie 
ii (3) The change from turbulent or streaming flow to rapid fiow is aes 


by a critical Boussinesq number which determines the first occurrence of a 
hydraulic jump.* . 
It would have been very interesting if the authors had published the 
different features of the hydraulic jump in cases where the up-stream depth, 
' or the depth at the foot of the hydraulic jump, exceeds the hydraulic mean 3 “4 
Be: radius. From Table 1, the writer perceives that the investigators cease their 5 
yy: investigations at a point where the depth at the foot of the jump exceeds 
the value of the hydraulic mean radius. Furthermore, in Fig. 3, some test 
f results in the range of the undulating jump (that is, for values of the kinetic A 
eo flow factor smaller than 3) would be of general interest. ; z 


, Batpwin M. Woops,” Ese. (by letter).“*—As one interested in fluid 
id mechanics, although more especially in aerodynamics, the writer desires to 
endorse heartily the plan of attack followed in this paper and the presentation 
of results in generalized, dimensionless form through the aid of the prin- 
ciple of dynamic similarity. From practical considerations alone, the grow- 
fe ing interchange of material between countries having differing systems of 
units, such as the English and the metric, makes it highly important to have 
results equally useful regardless of the basic system of units. Furthermore, 
as has been so often noted, the method of dynamic similarity causes one to 
give careful serutiny to the variables involved and to the most significant 
simple combinations of these variables into coefficients or parameters. 
There is also much to be said in favor of the tri-dimensional representa- 
tion of the profile, as given in Fig. 9. Engineers generally need to culti- _ 


7 % Prof, of Mech. Eng., Univ. of California, Berkeley, Calif. 
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J. C. Srevens,* M. Am. Soc. O. E. (by letter).**—In presenting the ane 
et their research on the length of the jump, the authors have made a most ~ 
valuable contribution to hydraulics. They might have made a more happy 
choice of symbolism, however. The writer-has found the notation, which — 
wa follows Professor Bakhmeteff’s book entitled “Hydraulics of Open Channels,” 
quite a “hazard” in mastering this paper. } 
There are only two independent characteristics of the hydraulic jump, the 
initial depth and the initial velocity. From them are derived the initial 
‘energy head, the final depth, final velocity, the final energy head, the 
lost energy head, and the empirical characteristic—length. If these factors 
are expressed in terms of-any other, a series of ratios is obtained which 
expresses the characteristics of the jump in dimensionless terms of dynamic 
similarity. 

The authors have chosen the initial energy head as the denominator of 
their dimensionless terms. Mr. E. S. Crump” has expressed the jump char- 
-_ acteristics in terms of Belanger’s critical depth. Mr. G. A. M. Brown™ has 

expressed them in terms of the lost energy head. The writer following 

Woodward” and others has chosen to express them in terms of the initial 

depth. Thus, the dimensionless terms, in reality, become jump dimensions 

for a unit initial depth. Viewed in this light, such a jump may for brevity 
be termed a “unit jump,” and a far simpler conception of it is had by think- 
ing of it as such than through any other set of dimensionless terms. There 
appears to be no advantage in the use of the “kinetic flow factor,” 4, over 


a 
‘ 2 g da, ' 
re ), has the limiting value of 0.5 for critical velocity, which 


i Pe 


the ratio of initial kinetic to potential energy. This ratio, k = 


(which equals 


. expresses the simple criterion for critical flow that, in any shape of channel, 

pa whatever, the velocity head is one-half the mean depth. . 

pa The authors’ height of jump, dj = d, — d,, in practical applications is 
quite inferior to the ratio heretofore used by Woodward and others, namely, | 


ve d : : pe ae ; 
FY J= om » particularly when dealing with jumps in channels other than 
38 | 

rectangular. 
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iF inias cobain dimensionless terms apply in a “unit jump”: k = 
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the fundamental relationship ty . 
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3 vias may be verified from Equation (16) by substituting 2h = antes 
3 Thus characteristics may now be expressed in terms of either k, or J, or both. 
_ Thus: ae 7 
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Values of k, €15 @» 4% and lL 


Fia. 10. 
ess characteristics of the u 
function of k, is fundame 


nit jump in terms 


Fig. 10 shows the dimension] 
ntal, and through 


of either & or J. Curve J, as a 


: athens’ maxima for dy and a j, in Fig. 3, are: stk phgetaht’ charact 
the jump at all, but ey consequences of the Meraheloey in we i 


va 


and to unit widths. The fundamental relationships between J and k, how- 
“ever, may be found for a wide variety of conduits.” Once this slate 
As found the other characteristics follow logically. 

The general dimensionless formula for height of jump in a trapezoidal — 


re(Sera)e fe e+ Se4i)p 


~ [Se+1—see+n]y—sketayso 
b 


. PE aehelti is: 


in which ¢ = — ; b = bottom width; and s = the side slopes (that is, 


SQ, 
s on 1); if the two side slopes are different, s is the average of the two. For 
a rectangular channel s = 0, and it can be shown that Equation (44) reduces 
to Equation (40). For a triangular conduit b = 0, and Equation (44) 


reduces to: 


4 Pp ene PR = Ok ee (45) 


\ 
Considering a conduit. with a cross-sectional area that may be expressed by 


the exponential function, a =Kd", in which K is a determinable constant, the 
height of the jump is given by, 


Jn (gett 1) 


Fg a eee Ag (46) 


For a parabolic section, n = =, and Equation (46) becomes, 


C— (5 B41) JP ee Oe ae (47) 


*“The Hydraulic Jump in Pe Conduits,” by J. C. Stevens. M. Am. Soc. C. E.. 


Civil Engineering, October. 19338, p. 364; also, discussion by G. H. Hickox, Jun. A 
Soc. CBs Los. ott, May, 1934, p. 270. In these papers the ratio, r, is used instead of I. 
The latter is Preferable and avoids the possibility of confusing it with the Ey sraaue 


- radius,. 
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: . Betis Fig. 10, ike Fig. 3, is applicable ae to rectangular ied 
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a energy because of the accelerations involved and the consequent departure 


irregular channels the characteristics of the jump may be Foun era 
from the energy and momentum-plus-pressure curves as outlines” 

an Hinds, M. Am. Soe. C. E. . ay 
__ All the foregoing expressions are dimensionless and for any given chann 


involve only the two simple ratios, # and J, which are sufficient for the com- 
By solution of the hydraulic jump. While the expressions are of many 
a degrees, they are in effect single valued, since for every value of & there is 
_ only one value of J that will fulfill the physical conditions, and vice versa. — 
— Once k& is known J is readily found by trial. aide 
oe The writer questions the significance given to the “zone of undulating — 
jumps” (Fig. 3). Fig. 7 shows a gradual transition from stable to. undu- 
lating jumps as the ratio of kinetic to potential energy is diminished. © Quite — 
¥ properly, the authors refrain from putting these results in terms of the initial i: 


from hydrostatic pressures, in the water prism. 
In reality is not this “undulating jump” merely a “hang-over” from the 
oscillations that always accompany critical flow? At critical flow depths may — 
_ vary considerably without appreciably changing either the energy or momen- 
tum-plus-pressure values. As a consequence the surface is in an unstable 
state and pronounced waves occur. For such conditions there is no jump, 
and in all the foregoing equations J = 1 and.k = 4 (the authors’ yee aI) 
If, now, the kinetic energy is increased and the potential energy is reduced 
ever so slightly (as, for example, by closing the sluice-gate) both k and J 
increase in value and a low jump occurs; but the flow is still barely removed 
from the critical, and the surface waves persist. These waves gradually fade 
away, as the ratio of kinetic to potential energy increases, and sensibly disap- 
pear for k = 2, say Gen 4). rin reality, are there any valid grounds for 
stating that “the region near , = 3 is a zone of transition?” The range of 
undulations is for all values of 1, less than 4, and the less the value of A, the » 
greater the undulations. The point the writer wishes to bring out is that 
there appears to be no more reasons for setting up two kinds of jumps*—the 
“yndular form” and the 


“direct ‘form”—than for drawing a distinction 
between big jumps and little jumps. 


The data on length of jumps are particularly interesting. The length 
— d,, varied from about 8 to 4.5, the latter value 
+ limit for which one may state that the kinetic 
the water to stand on a much steeper slope 
is infinity for critical flow—at which 


expressed in terms of ds 
probably approaching a lowe 
energy expended can not cause 
than 1 on 4. The upper limit, of course, 


aulic Jump_ and Critical Depth in Design of Hydraulic Structures,” 


i i s-Record, November 25, 920, p. 1034; see, elso, the M-function, 
Sd celles he ee Channels,” by Boris A. Bakhmeteff, M. Am. Soc. C. H., D. 232 
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FRICTIONAL RESISTANCE IN ARTIFICIALLY 
3s _ ROUGHENED PIPES eee: 


Discussion 


7 By MEssRs, WARREN E. WILSON, RICHARD G. FOLSOM, AND 


¢ 


RALPH W. POWELL z 


Warren E. Witson,® Jun. Am. Soc. C. E. (by letter).°°—A well-planned — 
program of research is indicated by this paper; the author has obtained 
results which, without doubt, are a valuable addition to the present knowl- 
edge of the characteristics of flow in pipes. The writer will make no attempt 


“to evaluate the results, but will endeavor only to commént on the methods 


used to measure the loss of head in the test section of pipe. 

Differential manometers were used with the evident purpose of obtaining 
large readings when the loss of head was small. If one assumes that the 
difference in elevation of the menisci in a differential manometer gives a true 
measure of the actual pressure difference which it is desired to observe, and 
if one bases his computations on the usual formula: 


pipe cs yey SPI RLSIN0. SAS gets s0 a2) 
WwW — UWE : 

(in which 2m is the manometer reading; w, the specific gravity of water; wx, 

the specific gravity of the gauge liquid; and H, the pressure difference under 


observation), the value of H which is calculated will generally be in error, as 


has been demonstrated on a previous occasion.” 
The magnitude of the error jn any manometer reading depends on the 


liquids and the form of the menisci. The height of rise of a liquid interface 
in a capillary tube may be computed from the expression, 


a NOOSE Dae castes Ae (13) 
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in which o is the surface tension expressed in dynes per centimeter; h, the 


—_ r by Victor L. Streeter, Jun. Am. Soc. CAE was published in Feb- 
eee 1988 Bee ings: This discussion is printed in Proceedings in order that the 
views’ expressed may be brought pefore all members for further discussion. 
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that of a single meniscus in a capillary tube. If the formation is as shown in 
Fig. 15(c), the reading, zm, is larger than Equation (13) would indicate 
by an amount not greater than 2 h. 


As a specific case, consider the manometers used and described by Mr. 4 


Streeter. The inside diameter of the tubes was about 6 mm. The liquids 


were acetylene tetrabromide, and xylene, with surface tension values of 4 


approximately 36 to 88 dynes per cm. The specific gravities of the solutions 


were about 1.3, 1.05, and 2.97. . Assuming the specifie gravity of water to be 


unity (that is, neglecting the effect of temperature), the values of h may 
‘be computed by means of Equation (18). 

The foregoing comments have shown that the error in a reading could 
vary from zero to 2 h. This error will correspond to an error in the com- 
puted head, H, which is H; and will depend on the multiplication factor of 


TABLE 3.—PosststE Error in H¢ WHEN COMPUTED FROM 2m BY Equation (138) 


PossisLe Error in Hy WHEN 
COMPUTED FROM zm, IN 


Specific Multiplication Height of Possible error’ Equation (13) 
gravity factor rise, h, in in Zm, in 
centimeters centimeters In 
centimeters In feet 
(1) (2) (3) (4) (5) (6) 
1.05 20.0 5.03 10.06 0.503 0.0165 
1.30 3.33 0.838 1.68 0.503 0.0165 
2,97 0.508 0.128 0.256 0.503 0.0165 
ee ee 


the manometer. Table 3 which is based on an assumption of the value of 
o as 37 dynes per cm, and of the value of @ as zero, indicates the possible 
limitations of the manometer. 


‘as shown in Fig. 15(b) the reading, zm, is smaller than Equation (12) would | 
indicate by an amount not greater than 2 h, in which hf is given by Equa- — 
tion (13), since each meniscus has an effect which probably does not exceed | 


ie fer of the tubes and as erefuas tension at the interfaces. 1 
yi may be ol petit by: eamsiney (14) when: He denotes ee emmete iy 


8a 


Md eo = (in destiobcees) 0. 000268 a ace feat). ees 08) 


= 


. _ to he ‘zero. 
4 ie! It should not: be inferred coh, Laie ‘statements that \ vigantiod a) 

give an exact value for a correction to be applied to: the. computed loss 
of head. There are too many important factors which" have. been. neglected © OTe 
_ permit such a simple method of correction. : For instance, ‘the. cleanliness: of a 
the tubes controls the magnitude of @ to a great extent. In. practice, it is found ia 
: that ‘the form of the meniscus varies widely and hesee the angle is 
by no means constant. tS F 
: - The writer wishes to emphasize the magnitude of thet error that may occur a 
in any one reading of a differential manometer. It is his’ belief. that. ‘the 
water-air manometer is best suited to the type of work described by the author, 
and will give quite as satisfactory results as a differential manometer using 


any liquid known to him. It must not be concluded that any serious errors 


exist in the research reported in this paper. It seems very probable that: the 


wide scattering of the points in Fig. 11 for low values of the Reynolds num- 
ber, may be at least partly explained by attr ibuting an error to the manometers. 
For the lowest head observed, 0.0265 ft in Run I, the possible error is. 62%, 
but for all heads of 1.65 ft, or more, the error is less than 1 per cent. However, 
the writer has found that the variation of the readings from the value 
predicted by Equation (12) seldom reaches the value given in Equation (14) : 
and probably averages about one-third this value. However, it seems reason- 
able to believe that, with the ordinary water-air manometer, one can obtain 


an accuracy of 0.003 ft of water, which is better than what might be expected. 


with the author’s manometers even when the values given by Equation, cay 


are reduced by two-thirds. 


Ricuarp G. Fousom,” Esq. (by letter ua_Valuable experimental data 
regarding characteristics of rough surfaces are recorded in this paper. The 
method of expressing roughness in terms of the equivalent sand size js an. 
interesting and practical one, particularly as Nikuradse™ has obtained excel- 
lent results in the application of Equation (10). A further understanding 
of the frictional resistance requires a study of the mechanism of flow past 


the roughened surface. 
alifornia, Berkeley, Calif. 
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914 FOLSOM ON FRICTIONAL RESISTANCE IN PIPES Discussions 


In 1931, the writer conducted a series of tests® to investigate the charac- 
teristics of, ultra-rough surfaces formed on the concentric core of an annular 
section. Flow pictures of aluminum-bronze particles and friction-factor 
determinations were made. Three views for different degrees of roughness 
are presented in Fig. 16, which demonstrates clearly the totally different types 
of flow existing for various groove dimensions. 

Fig. 16(a) illustrates conditions when the projections causing roughness 
are placed relatively close together. A whirl is formed in the grooves which 


(a) (b) (c) 
Iie. 16.—FLow Picturns or ALUMINUM BRONZE PARTICLES. 
(ARROWS INDICATE DIRECTION oF FLOW). 

prevents the flow of fluid into these spaces; hence, this type of roughness pro 
é ype of roughnes < 

duces only small divergencies fro ae : ioe 
e be 5 , m flow yveras sirtaRa So > c 
Rie over a smooth surface. Fig. 16(b) and 


16(c) illustrate the flow when the grooves are large enough to allow the 


ae “An Hxperimental Investi tian Sehr % SPS 

= ~ . Stigation of the Phenomena Produc 7 ; 
. 1 ‘i Tet CL a, On ct 3 é roduced by tt ohic 
othe 4 ae "i pest ,a Series of Sharp Obstacles,” by R. G Rolain TUrbae 
i : st. of Jechnology in 1982, in partial fulfillment of the require abate eal 
degree of Doctor of Philosophy, requirements for the 


a 


4 oa eed ee ; 

f fluid c ‘or Fig. 16(b), the spacin 

nimum for this type, and hence gives a eo tied Seema resistance. 
z. ) shows that the same flow conditions occur at wider separations of 

jections. “Motion pictures of these flows show successive formation at 

ping out of the whirls or vortices. Measurements indicated that maxi- 

im friction occurred when the depth of the groove was about one-fourth 

spacing, this relation holding throughout the investigated range of 

‘ itive roughnesses (ratio of projection length to length between walls). 

_ These and other photographs indicate that a rough surface produces dis- | 

turbances which spread throughout a large part of the flowing fluid. Contrary 

: the author’s statement (under heading “Discussion of Results: Roughness 

I ”?) that, “this indicates that a projection causes greater turbulence than 

a groove,” the disturbance depends on the shape of the groove due to its con- | 

T of the action of the vortices. The whirl or vortex formed has a diameter 

the same order of magnitude as the depth of the groove, but the size and 

ape of the groove determines when the vortex will pass out into the main 

w and dissipate its energy. As the roughness becomes greater, the distur- 

-bances increase with a resulting increase in energy dissipation, the latter being 

7 measured as a larger frictional drag. 

_ Experiments at the, University of California with unsymmetrical projec- 

tions in an ultra-rough surface indicate that jn some cases the frictional drag 

js very different, depending upon the direction of flow. Thus, the characteris- 

_ tics shown in Runs I and Ia as being almost independent of the direction at 

-+ of flow cannot be considered as general. | be 

Table 4 contains the author’s results in comparison with those given in a 
British report” for wavy or corrugated surfaces. Houghton’s experiments ‘ 


7 


TABLE 4.—CoMPaRISON OF RESULTS 


(Ss 
Y ; : Wave length Ratio of groove Relative 
Experimenter sarmches , — bp roughness log 100 f 
Streeter, 1V. .. 00s --s-- eee: 0.043 0.276 0.011 . 0.58 
Streeter, VI...--------- esses 0.087 0.184 0.015 0.68 
BRIGG DTOD. vind. eo eee ee 3.0 0.4 0.067 0.60 
BS LOURATON. 2). 0% cw a ee ee 0 0.4 0.022 0.48 


, - were conducted in a 3-ft square wind tunnel with air as the fluid. The value 
* of f in Table 4 corresponds approximately to Reynolds’ number of TO alte 
relative roughness is the ratio of groove depth to pipe radius, or equivalent 


dimension. Even if the corrugation shapes and relative roughnesses differ, 


the author’s friction factors appear to be high. In some measure at least, this 


 yesult is caused by the spiral motion of the water, which is the result of 
~ the method of making the artificial roughness. . 
; Although the author presents an excellent brief account of principal 
investigators in the field, the writer believes the work of Fage™” should have 


19 “Note on the Velocity Distribution in the Neighborhood of a Corrugated Sheet,” by 
R. Houghton, Tech. Rept., Aero. Research Comm., 1932-33, R and M No. 1466. 
20 “M}uid Flow in Rough Pipes,” by A. Fage, Tech. Rept., Aero. Research Comm., 


1934, BR and M, No. 1585. 


h pipes. sh 
Nip ceoctinte check with yon Tediidats eta akan moeaenel 
although the disturbances due to the wall extend farther) ante, anes flov 
fluid with the: rough surface. ; 


Waite W. Poweun?! M. Au. Soc. O. E. (by savior —Not pibeot is t 1 
"paper based on an extensive series of experiments, clearly and comple ely 
Siictevied! but it is an excellent summary of past work in the same field. 
- Perhaps the most noticeable omissions in the author’s references are to the 
_ work of Stanton and Pannell” and to the extensive collection of data pub 
lished by Kemler.* : 

In an unpublished study made in 1914" the writer offered some abet as 
tions for future experimenters, among which was the following: 


“The most fruitful field for experiment seems then to be on rough pipes 
from 4 in. to 6 in. im diameter. It has been suggested” that threading 
‘ pipes on the inside throughout their length would give a very rough pipe whose 
See roughness could be duplicated at different diameters. The suggestion seems 
ven; good, although it opens the question, not considered in this thesis, as to what 
\ size threads on a 4-in. pipe would correspond to a given size thread on a 
rae 6-in. pipe.” 


a4 As this study Peclivg directly to the subject of this paper, and = the 
ony results confirm many of the author’s statement’s, itis, perhaps, not out of — 
‘a place to offer a brief summary, even at this late date. 
“4 The thesis consisted of a study, on the basis of Reynolds’ number, of ta 
previously published data on pipe flow that recorded the temperature. 
ee: The principal part of the data was that published by Saph and Schoder,’ | 
iv. which it was afterward found had already been studied from the same stand- . 
point by Blasius.* 
EN The results of the entire study are condensed into Fig. 17, which gives | 
a a plotting of f against R and corresponds to the author’s Figs. 2 and 11. 
The points for the brass pipes studied by Saph and Schoder, represent 831 
separate observations on 15 pipes ranging from 1.5 in. to 0.1 in. in diameter 
and at temperatures from 35.5° F to 84.0° F. These observations were — 
re-arranged in the order of the Reynolds’ numbers irrespective of what pipe 


7 Assoc, Prof. of Mechanics, Ohio State Univ., Columbus, Ohio (Temporarily on leave 
as Hydr. Bngr. with the Muskingum Watershed Conservancy Dist., New Philadelphia. 


‘ Ohio.) 
71a Received by the Secretary June 26, 1935. 
; = “Similarity of Motion in Relation to the Surface Friction of Fluids,” by T. B. 


= | Stanton and J. R. Pannell, Transactions, Royal Soc., Vol. 214 (1914), pp. 199-224, 
2% “A Study of the Data on the Plow of Fluids in Pipes.’ by Emo Keml 
Transactions, A. 8S. M. B., Vol. 55, HYD, pp. 7-32 (August 31, M933). : AE ase 


“4 “The Flow of Water in Straight Pipes,” by Ralph W. Powell, presented to Cornell 
Ra ae Pade in partial fulfillment of the requirements for the professional degree of 
iv ngineer. 


» Transactions, Am. Soc. C. H., Vol. LXXVII (1914), p. 890. 
7 Loc. cit., Vol. LI, (1903), p. 258. 


8“Das <Ahnlichkeitsgesetz bei Reigungsvorgiingen,’ von H. Blasius, Physic a 
Zeitschrift, Vol. 12, p, 1176, 1911; or, Forschungsarbeiten Ingenieur, Heft 131... r 
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‘five determinations, generally on two or three pipes. For higher values the 


number in the group increased from six and then to ten; and between 


R = 4000 and R = 40000, it is twenty. One of these groups of twenty 


taken at random was found to include runs on eight different pipes, ranging 
in diameter from 1.25 in. to 0.10 in. The largest departure of any of these 
twenty values from the line that best represented all the runs was 38.6 per 
cent. The equation of this line was found to be: 


p= 0.890 Remy MVE orl ltt es 8) 


which agrees very well with Equation (6). As noted by the author, Saph 
and Schoder did not extend their tests to a value of R quite high enough 


to show the upward curve in the line, which was discovered later by Stanton 


and Pannell and confirmed by Nikuradse and others. 


The plotting of Reynolds’ original experiments on two lead pipes (4 in. 
except that each point 


and 4 in. in diameter) was made in the same way, 


represents the average of only four runs. These experiments are interesting 
for two reasons: (a) They show that, compared with lead pipe even “smooth” 
brass pipe must be considered as having a definite roughness; and (b) they 


show noticeably larger discrepancies from a smooth line above the eritical 
ormula below it, than the experiments of Saph 


*3 etter than those Had iimaooke performed and ee to Heine it?) 
i more noteworthy edna Saph and Schoder seem to have take: 
4 “stock” in Reynolds’ work, and their results had been in print for a num) 
of years before the agreement was ever investigated. ‘: 
» The five galvanized pipes studied by Saph and Schoder seem to fall into thre 
definite groups as far as roughness is concerned. Pipe XVIII (diameter, 
0.85 in.) was not so much rougher than the brass pipes and each point in 
Fig. 17 is the mean of only two runs. On the other hand, Pipe XXT (diam- - BY 
eter, 0.35 in.) was extremely rough and each point in Fig. 17 represents the 
mean of three runs. The other three pipes (diameters, 1.042, 0.626, and 
0.486 in., respectively) fall between the other two and differ very little among 
themselves. They have been grouped together, each point representing the 
: average of four runs. 
i In order to check the methods for larger pipes the values for a 60-in. 
___ gast-iron main given by George H. Fenkell, M. Am. Soc. C. E.,* were reduced — 
by the same method and each point in Fig. 17 represents a single run. Only | 
the mean temperature for all the runs was given, but temperature has little 
effect in this case, as the curve is nearly horizontal. Perhaps it-should be — 
noted that the slope of the curve measures the influence of temperature on 
4 h the friction head. Below the critical velocity where the slope is one, the © 
. resistance varies as the first power of the kinematic viscosity. Above the crit- 
ical velocity where the slope is, say, one-fourth, the exponent of R in Equa- — 
‘ae tion (6) is —0.25, and the resistance varies as the fourth root of the kine- 
>: matic viscosity; but where the curve is horizontal, f is independent of R and 
. change of temperature has no effect on friction head. 
; One other point may be noted: All the lines as drawn in Fig. 17 inter- 
. sect at the point, R = 1162 and f = 0.0551 (log R= 3.0652 and log 100 f’ | 
= 0.7408). This agrees very well with the intersection of the Blasius line 
with the stream-line flow line on Fig. 11. Therefore, the lower critical velocity 
will always be greater than R = 1162; as the author states, it is generally 
about 2100. 
If it were true that all these lines were straight and radiated from a 
single point, the formula would be, 


LG62\ae" 
fF = 00551 fas RS HOM A CRM cn (15) 


in which m is the exponent of the velocity in the ordinary exponential 
formula for friction head in pipes, and varies from about 1.67 for lead pipe 
to 1.80 for wrought-iron, or steel pipes in good condition. In fact, this 
formula holds fairly well for all these pipes except Pipe XXI for the range 
from R = 4000 to R = 100000 (and also, of course, below the critical 
range where m = 1); but it does not hold for higher values of R, and, as the 
author shows, no formula can tell the entire story in the case of very rough 
pipes. The relationship between f and R is so complicated that only a 
plotting, such as Fig. 11, will suftice. | 
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7° Transactions, Am. Soc. C. E., Vol. LI (19038), p. 323. 


Ye rr 4 uF 


i ‘Founded winalt Be . 5, 1852, | 
DISCUSSIONS 


UNDERGROUND CORROSION 


Discussion 


* By Messrs. E. P. FETHERSTONHAUGH, JOHN F. SKINNER, AND 


a F. N. SPELLER 


\ 

7 E. P. Feruerstonnaucn,” Ese. (by letter) 2«__The gradual accumulation 
of information on soil corrosion and the growth of knowledge of the subject 
as a result of studying the data are well described in this paper. The theory 
of differential aeration as a probable major cause of soil corrosion is appar- 


4 ently supported by many of the observed and recorded facts and, if fully 
_ substantiated, may prove of great usefulness in forecasting what is likely to 


occur under a given set of conditions. Tt also suggests some important possi- 


-bilities with regard to the value of protective coatings in prolonging the life 


of pipe buried in corrosive soils. 


In the references in the paper to the observed reduction in the rates of 
corrosion and the causes of this phenomenon, there seems to be an assump- 
tion that special abnormal conditions should be sought to account for the 
shape of the curves that show decreasing rates of penetration with increasing 
life. A consideration of an assumed set of ideal conditions would seem to 
indicate that the decreasing rate of penetration might be regarded as a normal, 
rather than as an abnormal, phenomenon. 

The ideal conditions suggested are that: (a) The source of the electro- 
motive force causing the pitting remains constant; (b) the resistance of the 
path of the current through the earth, the pipe, and the pit, remains constant; 


and (c) throughout its growth, the shape of the pit remains constant. 


Conditions (a) and (b) would result in a constant current flowing from 
the pit to the earth and, therefore, equal weights of metal removed in equal 
intervals of time. With equal weights or volumes of metal removed in 
equal intervals of time, the volume of the pit will increase at a constant 
rate, but since its shape is assumed to remain unchanged, its depth will 
increase as the cube root of the time. These assumptions suggest a funda- 


ek as eee ee ae 
Notn.—The paper by K. H. Logan, Hsq., was presented at the meeting of the Sani- 
tary Engineering Division, New York, N. Y., on January 18, 1934, and published in 
March, 1935, Proceedings. Discussion on this paper has appeared i ing ‘as 


follows: April, 1935, py Messrs. Thomas F. Wolfe, and John R. Baylis. 
15 Prof, of Dlec. Eng., Univ. of Manitoba, Winnipeg, Man., Canada. 
158 Received by the Secretary April 5, 1935, : 
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n which 4 is a constant, “or the depth of the nent at the end o 


4 em It could not be expected that Sint data mn ened in which there are 
60 many possible variables would follow any mathematical curve exactly, but 
* the similarity between the curve plotted from Equation (1) and the graphs. 
plotted from observed data is striking, and even in other graphs of observed 
data, in which there is a greater departure, their general form seems to be at 
least characterized by a fundamental law such as that expressed by the 
formula. 
It seems, therefore, that it is not necessary to attribute the ioe 
- Tates of penetration to any varying condition, such as the gradual settlement 
of back- fill, as a rapid decrease is to be expected when all the aforementioned 
conditions are constant. The decreasing rates of loss of weight may per- 
haps require such explanations, but it is interesting to note that this decrease _ 
is in many cases comparatively small, which might suggest that the condi- . 
tions assumed herein do not differ greatly from those which, in some cases, 
aaa obtain in and around a buried pipe. = | 
Ba The value of this method of approaching this intricate nas lies in the — 
. abe that it suggests a normal law for the rate of penetration with which 
_ observed results may be compared, in order that the importance of various | 
abnormal or fluctuating influences, such as those suggested by the author, 
eg may be more closely evaluated. Equation (1) may also prove of some value 
in an attempt to calculate from a single set of observations the time in which 
a pipe might be penetrated if the conditions of exposure remain constant. 


es 


me . Joun F. Skinner,” M. Am. Soc. OC. E. (by letter).**—The hematin : 
MS presented by Mr. Logan is interesting in the light of experience with a pipe 
line. (designated Conduits I, II, and IIT) in Rochester, N. Y. Conduit I, © 
about 28.3 miles long, is still in service although constructed in 1874. The 
= first 10 miles of it, 836 in. in diameter, is made of wrought iron, 3; in. thick. 
7 Then follows 3 miles of 24-in. wrought-iron pipe. The remainder of the con- 4 
Ge duit is cast iron, with a diameter of 24 in. Conduit II was completed in 1894, | 
F . twenty years later. It consisted of 12000 ft of 6-ft brick tunnel and a pipe | 
line of which the greater part (nearly 26 miles) was made of riveted steel — 
; plate, 4 in., ys in., and 3 in., in thickness. 
Po At the end of 1913, whet the writer prepared a report” on the subject, 
there were 727 holes in Conduit II through approximately 450 of the steel 


4° Cons. Engr., Los Angeles, Calif. 
16a Received by the Secretary April 22, 1935. 
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oh ; sen eer 1 hiatus 0 
and, to_ 1, 1984, th been a total of 81 holes in 29 shee 
nduit I, which was then more than 58 yrold. 


For several miles these conduits are parallel and only 20 ft apart, so that 
il conditions are practically identical. The first leak due to pitting the 
ought-iron plate of the 36-in, Conduit I was discovered on July 12, $3049: Le 
the pipe had been in the ground nearly 19 yr. The first leak through | : 
steel plate of Conduit II was discovered on May 21, 1900, after the pipe hu 
been in the ground nearly 6.5 yr, and the second on October 15, 1900; 
and 13 holes occurred in 1901 through 10 sheets. scattered over 9.7 miles of 
conduit. All these leaks were through the 4-in. plate. The first leak through > pi 
#s-in. plate was in 1904; and the first through the 2-in. plate was in 1908. : 
By the end of 1913, when the aforementioned report was published, 31 978.7 fis) ee 
of Conduit IT had been excavated, scraped clean, and re-coated on the outside. 
_ This painting covered 23.5% of the conduit and included 17.5% of the holes 
discovered. ‘ iss 
~ During the fall of 1933, a section of the conduit was uncovered upon which 
any leaks had been repaired since the last re-coating operations. To the 
time this work was begun, 2 260 holes in the steel pipe had been repaired. 
‘Including the foregoing work, a total of 2532 holes had occurred prior to 
anuary 1, 1934. 
When re-coating is in progress, a great many incipient leaks are scratched 
through in the process of scraping, thus anticipating holes which, if undis- 
 turbed, would occur in the following year or two. The first 200 ft of pipe : 
~ re-coated in the fall of 1933 was laid through boulders which had injured the 4 
original coating. Along this section the plates showed an unusual amount 
of ‘pitting, and the holes were more numerous than they were farther along 
- the line where the trench was free from boulders. The coating of California 
asphalt had apparently given protection, where it was not abraded, for about 
ten years. 
Conduit III was constructed during the World War (1914-1918). About 

~ 47.6 miles of this line was a lock-bar steel pipe made of plates 4 in and #5 in. 

thick with riveted circular seams. A few leaks have occurred, generally 
where the painting was found to be defective. It has been suggested that 
- the subsequent laying of the steel pipe parallel to the wrought-iron pipe may 

have had an inhibiting effect upon the corrosion of the wrought iron. The 

answer to this is that 58% of the holes in the wrought-iron pipe (and 52% 

of the sheets affected) occurred after the steel pipe was installed. The differ- 

ence in the pitting of steel and wrought iron, in practically the same location, 


over a long period, is worthy of serious consideration. pide 3 
In 1901, Professor F. L. Kortright investigated the causes of pitting in 


Conduit II. He examined samples of earth from. twenty-five test pits 
along Conduit II, as well as rock from the vicinity, ground-water from the 
trench excavations, and the contents of pits in the steel, both outside and 


inside the pipe. 
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From his analysis, he concluded that the earth surrounding the condu 
did not affect it except that, being more porous in some places than in 
it admitted the ground-water more freely to the pipe in the places where it 
was porous and in this way allowed carbon dioxide and oxygen freer access. 

‘He reported that the rock in the vicinity of the pipe had no effect on it; but | 
that the injurious constituents in the water were dissolved oxygen and the . 
carbon dioxide that was brought to the pipe in large quantities by the cal- 
cium carbonate, which is loosely combined with it. 7 

Electrical measurements were made between Conduits I and II, and 
between the conduits and the surrounding earth, but neither current nor — 
difference of potential could be detected. | 

From the foregoing remarks it will be noted that in nearly identical loca- 
tions and exposure, the wrought-iron Conduit I resisted the first pitting 
through a 3%-in, plate nearly three times as long as the steel Conduit IIT and 
that, in later years, although it is twenty years older and of thinner material, 
it has developed far less pitting through the plate. Although the comparisons © 
shown in the paper exhibit a marked uniformity of action for different pipe 
materials under the same exposure, it must be evident that a much longer 
period, commensurable with the life of such structures, may show very differ- 
ent results, such as have been observed in the different behaviors of different 
materials in places where one has replaced another and is subject to the same 
environment. 

Mr. Logan is to be commended for the energy, imagination, and enthusiasm 
he has put into this work. It is hoped that he and his successors will be able 
to continue their observations over a period sufiiciently long to insure reliable 
conclusions of lasting value. 


F, N. Speuuer,* Ese. (by letter).“*—The principal work on soil corrosion 
of metals and the study of protective coatings has been centered at the 
National Bureau of Standards. Considerable progress has been made in corre- 
lation of soil factors with corrosion, but much remains to be done before the 
practice of pipe-coating underground can be said to be on a sound engineering 
basis. 

It is now probable that an economical and durable coating can be found 
for use in most of the corrosive soils. In many cases, as Mr, Logan points 
out, no coating is required. This is particularly true in the eastern part of 
the United States. In Philadelphia, Pa., the records of the local gas company 
over the thirty-six years, 1899 to 1935, indicate that small steel service pipes 
having a thickness of about 4 in. have an average life of forty-seven years 
with no more than a thin coat of coal-tar paint which probably gave little 
advantage except to prevent more general distribution of pit-holes. 

It seems very unlikely that a low-cost, rust-resisting metal will be found 
that is sufficiently durable in all corrosive soils, and (as Mr. Logan points 
out), there is no material difference between the corrosion resistance of the 
common ferrous metals, therefore, for the present, the work should be con- 


8 Director, Dept. of Metallurgy and Research, National T R 
ube Co., Pittsbu 
18a Received by the Secretary June 14, 1935. rgh, Pa. 


concrete éoatings (% in. to 1 in. thick) cost from 
id are higk durable in many soils. They have given 
satisfactory protection on oil pipe lines; for instance, on lines cr 
salty marshes, and acid streams in coal-mining districts. = 
Research work on soil corrosion is of such general interest to tax-pay : 
arge that it seems a portion of the expense of this work should be paid Sls 


> Government. Thus far, it has been carried out on this basis by the AS 43 
- . ie - 


nal Bureau of Standards with the co-operation of the American Petro- 

Institute, American Gas Association, and pipe manufacturers, but has 

‘seriously retarded by curtailment of appropriations due to the economy 

program. The general opinion of those who have followed this investigation — 

is 3 that it should by all means be continued in order to realize on the $300000 _ 
ady invested through the Bureau toward the solution of this problem. 
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‘THE ADJUSTMENT OF A LEVEL NET 


Discussion 


‘ 


* - 


By Messrs. EARL F. CHURCH, AND W. H. RAYNER 


Eart F. Cuurcn® Assoo. M. Am. Soo. C. E. (by letter)**—This interesting 
paper well deserves the attention of all engineers interested in the practical 


computations of surveys. It contains a description of two methods for adjust- 
ing engineering level nets and one of the most interesting features is that 
the two methods presented are identical. (The term, “engineering leveling,” 
is used to denote ordinary leveling as distinguished from “geodetic leveling.”) 
The first is the least squares method, the “condition multipliers” being the 
usual “correlatives.” This part of the paper refers to a “converging incre- 
ment” method of approximation for solving the normal. equations to be used 
instead of the precise Gauss method. The lack of rigidity in the theory is 
implied by the author in his statement that the method “appears to be appli- 
eable to the vast majority of normal equations encountered in practical 
engineering problems.” After all, the real test of any method of solving 


normal equations lies in obtaining values of the correlatives which satisfy — 


the equations; and this method of approximation will undoubtedly give the 
desired results in most cases of engineering level nets, as it does in 
the specific examples shown. Regardless of whether the method possesses any 
marked advantages over the usual Gauss method, the author is entirely justi- 
fied in presenting it on account of the fact that, by the identity of the results 
by the two methods and even of the steps in obtaining the results, it estab- 
lishes the correctness of the second method. 

The second method, called “successive distributions,” shows a process of 
adjusting engineering level nets which is certainly a useful one. Requiring 
no knowledge of least squares and eliminating the necessity of setting up the 
normal equations themselves, it is easy to comprehend and easy to apply; 
and for both these reasons it should appeal to the average surveyor. The 


Notn.—The paper by George H. Dell, ‘Assoc. M. Am. Soc, C. BE. was published i 
April, 1935, Proceedings. This” discussion is printed in Proceedings, in order thet the 
views expressed may be brought before all members for further discussion. 


ee Prof. of Photogrammetry, Coll. of Applied Science, Syracuse Univ., Syra- 
cuse, N. Y. 2): 
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ywever. The identity of the results of the two methods shows the eleva 
om the second method to be virtually the “most probable values.” Furthe 
2, the identity of the steps in obtaining the results in the two methods 
ablishes the correctness of the second method as. virtually a least ‘squares 
d istment for cases in which the “converging increments” would solve the 

“no rmal equations, regardless of the order chosen for closing the circuits in Vite 
_ the second method. . ney: 
The following notes may be of assistance in observing the identity in the 


_ successive steps in the two processes. Compare the values shown in Fig. 4 


if for the method of “successive distribution” with those shown in Table 5 for 
K he solution of the normal equations by “converging increments”: On Line iv : 
of Table 5, 4.85, 1.71, and 5.71 are the values “carried over” in Fig. 4 from 
2 Circuit No. I into Circuits Nos. IT, III, and IV, respectively; on Line 2 of 
Table 5, —6.48 is the value in Fig. 4 “carried over” from Circuit No. IE to ~ Hk 
Circuit No. I, and the two blank spaces on Line 2 show that in Fig. 4 there : 
~ were no values “carried over” from Circuit No. II to either Circuit No. IIT 
or Circuit No. IV; on Line 3 of Table 5, —1.82 and 3.04, are the values in 
|. Fig. 4 “carried over” from Circuit No. TII to Circuits Nos. I and IV, 
respectively; on Line 4 of Table 5, 2.79 and -1.39 are the values in Fig. 4 
_ “carried over” from Circuit No. IV to Circuits Nos. I and III, respectively ;. 
on Line 5 of Table 5, 5.51 is the closure distributed in Circuit No. I, in Fig. 4 ie 
| the second time; and 1.91, 0.67, and 2.24, on Line 5 of Table 5, are the values i 
in Fig. 4 “carried over” the second time into Circuits Nos. II, III, and IV, 
respectively. This identity of the steps can be followed throughout. yea he ie 
Undoubtedly, the use of series summations to obtain section corrections a 
* in the method of “successive distribution,” will generally prove to be a useless 
In fact, in the specimen adjustment shown in Fig. 4, the correct 
would have been obtained if the additions 
and both the fourth distribution 


25 ae 
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refinement. 

values of the section corrections 

A had been made after the third distribution, 
and the series summations were actually unnecessary. 

This discussion may be summarized somewhat as follows: The second 

method (that of “successive distribution”), gives a simple and useful means 

of adjusting engineering level nets. This method is particularly simple in 


a 
the frequent cases in which one can dispense with the series summations. The 


desirability of the method depends entirely upon whether the resulting eleva- 
tions are the “most probable values” regardless of the order of closing the 
circuits, and that they are approximately the most probable values is proved 
by the identity with the results from the least squares method. The only 
remaining question is whether the first method (with which the comparison 
js made) actually gives “most probable values” when the converging incre- 


ment approximation is used to solve the normal equations; but it will be 


é observed that it must do so provided the correlatives obtained actually satisfy 


\ 


Beaune is the averagelsurveydr an cadet paces Faxt 
ary engineering level nets, this paper serves a useful purpose and is 


; be ghly commended. 
pa 


rite Ns H. Rayner,’ Assoc. M. ca Soc. C. E. (by lice) o*—This presents ’ 
; tion is an excellent example of that type of study which consists in the apple 
ation of existing theory to new problems; and an especial reason for com- } 
_ mendation is the fact that, for good measure, the author has given two. 
. equally good solutions of a complex and important problem, a 
The simplicity and clarity of treatment are excellent but a statement ; 
is mia “Solution of Normal Equations,” needs a brief additional explanation, — 
it seems, to make clear the computation of the “condition multipliers,” — 
Cy On, ete. Referring to Table 5(a), Mr. Dell states that “Line 18 con- — 
tains the sums of the principal terms (including the quantities in Line 17), 
and the values of the unknowns (the condition multipliers), are given in 
Line 19.” The value of (;, for Method 1, Example No. 1, is given by the © 


Major terms of Circuit No. I priory 22.07 (Line 18) 


relation, 0; = 


Total effective length of Circuit No. I ; ; 24.5 
eS. 0:9010). Likewise Oui eee = —0.905. ' 


Two approximate methods are sometimes used to adjust level nets, and 
may be designated: (1) The “successive-circuit” method; and (2) the Geo- 
logical Survey method. The writer was interested to compare both the 
; , results and the labor involved in each of these approximate methods with 
ga those of Mr. Dell’s methods. 

Briefly stated, the successive-circuit method consists in adjusting the sides 

of connected circuits in proportion to the lengths of the sides, beginning ~ 

with that circuit having the largest error of closure. The second circuit to 

be adjusted is the one having the second largest error of closure, ete. The 
method is described in detail, in the more complete surveying textbooks.” 

The Geological Survey method consists in beginning with a fixed bench- 

mark, from which the nearest junction points of connected circuits are given 

a preliminary adjustment. The weights assigned to the different elevations 

. of such junction points, as found by the different connecting lines, are 

inversely proportional to the lengths of the lines! Using the preliminary 

4 adjusted values thus found, other junction points are similarly adjusted to 

N include all points within the level net. From such tentative values, a second 

computation establishes the final elevations of the successive junction points.® 


* Asst. Prof, of Civ. Eng., Univ. of Tlinois, Urbana, Il. 
‘a Received by the Secretary June 24, 1935. 
7 “Surveying,” by Davis, Foote, and Rayner, Second Edition, p. 174. 
’ The method is described in detail ‘ ructi ; 
Geolowlcal: Burvey.” detail in ‘Instructions to Topographers of the U. 8S. 
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It is evident that, for this example, the discrepancies between the Geo- 
logical Survey method and the Dell method are, in the average, about one-third 
large as those of the successive-circuit method. Of course, the two Dell 
ethods yielded identical results. hess: ” 

- Each of the Dell methods and the Geological Survey method required 
about an equal amount of labor. However, the writer believes that the lay- 
‘man will find Method 2 the easier to apply. The successive-circuit method 
much easier of application than the others; but it is also the least accurate. 
‘Tt is evident, therefore, that for engineers who meet this problem, Mr. 
Dell has provided two methods that are mathematically correct and conveni-— 
ent, thus making unnecessary and inexcusable the use of approximate 


ethods. 
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THE SHEAR-AREA METHOD 


Discussion — 


BY Messrs. GEORGE E. LARGE, SAMUEL T. CARPENTER, ROLAND | 


H. TRATHEN, A. W. FISCHER, J. CHARLES RATHBUN, 
HAROLD R. KEPNER, AND FRED L. PLUMMER. 


Gzorce E. Larce,t Assoc. M. Am. Soc. C. E. (by letter).““—The writer has ri 
often noticed that many engineers do not fully understand the relationship of _ 


the beam diagrams so often drawn. The slope diagram shown in Fig. 1 is 
almost a total stranger to them, yet a recognition of it as a member of the 
family of five curves is necessary to a full understanding of the very useful 


general relationships about to be mentioned. It so happens that the order © 


of the diagrams, correct in Fig. 1, is also important, especially to the 
beginner, yet new textbooks are still appearing with cuts faulty in this respect. 
Instructors have been too facile with their calculus and too sparing with cor- 
rect and complete sketches showing the geometry of the operations being 
performed. 

It will be demonstrated herein that no new principles or devices are neces- 
sary for solving the authors’ examples quickly if advantage is taken of a 
simple geometric relation which exists between the slope and shear diagrams, 
as well as between the deflection and moment diagrams. - 

The moment-area principles referred to by the authors are not usually 
applied to any diagrams except the moment and deflection diagrams. Note 
the restricted usage required by the usual statement of these principles: 


(1) When a member is subjected to flexure, the change in slope of the elas- 
tic curve between any two points is equal in magnitude to the area of the 


= - diagram for the part of the member between the two points. 
4 


(2) When a member is subjected to flexure, the ordinate from any point, Q 
(Fig. 22), on the elastic curve, to a tangent drawn to the elastic curve at any 


Notn.—The paper by Horace B, Compton, Assoc. M. Am. Soc. C. B., and Cl 

PO Ni adeety ng bie Hp B., i i pag in May, 1935, Prodeiiings, Tele Wid 

cussion is printed in Proceedings in order that the views ress ) 

all members for further discussion. oRBEOR gate he gign eae 
*Associate Prof. of Civ. Eng., and Research Dner i 

State Univ., Columbus, Ohio. Te ed at a 


‘a Received by the Secretary June 6, 1985. 
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(c) MOMENT CURVE 
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Fic. 22._CoMPLETE BAM SOLUTION BY MOMENT-AREA PRINCIPLES. 


f the one immediately below it. (The ascending 


each curve is the integral o 
if the user thinks of successive inte- | 


order is somewhat preferable especially 1 
gration as an ascending process. ) An equation may be written for the lowest 


curve, successive integrations of which will yield the equations of all the 
higher curves, including the deflection curve. This procedure has long been 
used with conspicuous success by C. C. More, M. Am. Soc. CO. E., in teaching 


cet dbaradest at any deta on any curve equals lie slope at the 
: sponding point in the next higher curve; — 
i. —The area between any two ordinates on any curve eas ihe pee < > 
sof the corresponding ordinates in the next higher curve; and, 
TiI.—The ordinate from any point (Point Q, Fig. 22) on any pails 2 
tangent drawn to the curve at any other point (Point P) is equal ir 
magnitude to the moment of the area of the second lower curve 
between the two points, about Point Q. : <a * 


In accordance with the foregoing laws, if the ordinate of one curve are 
‘positive and increase from left to right, the slope of the next higher curve | 
will also be positive at that point and will increase from left to right. Corre- 
; sponding statements may be made for negative ordinates, and for ordinates. 
that decrease from left to right. 
These principles enable one to sketch the curves of any beam in their 
~ eorrect relation, one after the other, and to evaluate their maximum points. | 
In Fig. 22, a numerical example of the authors’ Case 3 (Fig. 5), the uniform | 
ordinates of the shear curve determine the uniform slopes of the moment curve 
(Law I). By Law II, the maximum bending moment may be found from the 
shear curve. The increasing positive ordinates of the left portion of the moment 
curve call for an increasing positive slope to the # J ¢-curve directly above it 
(Law I), HI being constant. Upon drawing the # J A-curve by inspection it is 
seen that the slope of the elastic line is negative at the left end, or that the 
Y-intercept on the H I ¢-curve is negative. The value of this intercept is deter- 
mined as usual, by applying Law III to the moment and deflection curves; 


Thus, OW = 36 xX 6x 4+4 36 x 9 X 9 = 3780 kip-ft*; and HI ¢, = 3 780. 
15 


EI 


Statically indeterminate beams can also vs solved with corresponding facil- 
ity, as compared to the authors’ expressions.® The writer cannot refrain from 


iY 

= 252 kip-ft®. | 

; The point of maximum deflection will be where the EF I ¢-curve crosses the 
a X-axis and this point is easily found without resort to any new principles by | 
a applying Law III to the slope and shear curves. Taking moments of the | 
z ] 
S: shear area about the unknown point, Q’:8 (2) (4) Ssh. 252 eee. | 
; ‘ e 2 =| 
‘in x = 7.94 ft. Furthermore, by Law IT, the maximum deflection is the area | 
, of the HI ¢-diagram: EI Ams. = % X 252 X 7.94 = 1833 kip-ft®; and, ;| 
i _ 18333 kip-ft? ] 
> Anx, = ————_ .. 
| 


® See Appendix of Bulletin 66, Ohio State Univ. Hng. Bxperiment Station, “Th 
ere Lee tae of (tevined nda) b ree Rp to Lateral Loads and Aodibaad ied ' 
ariable Cross-Section evisec ition eorge BE. La 
and Clyde T. Morris, M. Am. Soe. C. B : x! ‘ paris SAB cea ato ee 


save 


ato 


: : i . ae oi E eet aut asd Bay i aree nS | OP 
AMUEL T. Carpenter,’ Jun. AM. Soc. CG. E. (by letter).“*—Moment are 
2 proved their usefulness and shear areas are no doubt. a unique appli 
f moment-area principles. However, the writer doubts if “mathema 
ms” are to be preferred to real beams. Engineers have used area moment: 
a tool, the principles being easily retained and recalled when the need 
ses; only two laws must be remembered. The shear-area method has at 
least five relations which must be remembered or reviewed before using. The = aa 
thors suggest that for a student the “mathematical beam” will aid his” & 
knowledge of beam.action; the writer would make an exception to this since 
area moments must necessarily be understood before shear areas could be _ 
‘grasped. It will be granted that teachers of applied mechanics have been lax 
in the past by not calling to the attention of students the relation of the third, | : 
second, and first derivatives of the elastic line, or the shear, moment, and slope _ 
curves as depicted in Fig. 1. OC. C. More, M. Am. Soc. C. E., has taught # 
those relations successfully at the University of Washington, at Seattle, Wash., ha 


without the aid of the “mathematical beam.” 


Tm 


ro 
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(2) LOAD DIAGRAM . ee 


Complement of 
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Sons 
a (b) MOMENT DIAGRAM 
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Be: The authors suggest that the shear-area method is particularly adaptable 

to problems involving a distributed load, stating that the shear areas are used 
more easily than the curved moment areas. This is true with the moment 
1 OY et ek oe ean ses 


Se ee eee 
In Fig. 1, the slope curve (Fig. 


1(d)), should have its cor- 


a 5a Correction in paper: ( F 
fe eave side next to the Tease and should be horizontal at each end, as in Fig. 22. 
cs 6Instr., Div. of Eng., Swarthmore Coll., Swarthmore, Pa. 


6a Received by the Secretary June 7, 1935. 
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“is the complement of a half | This is convenient “anes finding def 
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ie at ably point on the ‘beam. The end slopes are: 2 H L Avice qe aria 


d ¢ peanut Ly : The deflection at any ree a distance, t fr or 
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This means of building up the moment curves is equally applicable to cases . 


of concentrated loads and continuous beams, the component curves always 


_ being easily drawn by starting from the left end and considering all the 
 loading' elements. 


sented by Professor Compton and Mr. Dohrenwend, supplies a new and novel 


Roitanp H. Tratuen,’ Esq. (by letter).*“—The “shear-area method,” pre-— 


i 
i 


procedure for the solution of the elastic functions of beams. There are many — 


cases, of course, in which the method is not advantageous. This, in itself, 
in no way detracts from the usefulness of the concept. 


The writer looks upon the method as a new tool-to facilitate structural — 


analysis. No one method of analysis is universal in scope and simplicity. 


The méthods of “slope deflection”, “moment areas”, “the column analogy”, — 


“moment distribution”, “internal work”, ete., are all available to the struc- 
tural engineer. Each of them is peculiarly adapted to the solution of par- 
ticular problems. The structural engineer who is familiar with all methods 
is usually able to decide before beginning an analysis, which is likely to 
prove to be the most expedient. 

In presenting, “the shear-area method”, to the profession the authors have 
dealt quite thoroughly with beams. In the space of a few pages they have de- 


rived equations for slope and deflection, for a variety of beams, each under 


several conditions of loading. Such a wealth of beam functions if available 


for immediate reference may prove to be very useful. The same information. 
may be found in any standard textbook on the strength of materials, but 


a 


~*~ | 


the writer has never been able to find all the given data in such condensed 


form. Students as well as structural engineers may well look upon the paper 
as a convenient reference table of slopes and deflections to be used in the 
solution of more complex problems. 

The following simple problems are included to illustrate the usefulness 


of the paper when applied in this manner. The notation of the original — 


“Strength of Materials,” by James BE. Boyd, McGraw-Hill Publishing Co., 1924. 
‘Instructor in Civ, Hng., Rensselaer Polytechnic Inst., Troy, eNw yy. 
8a Received by the Secretary June 26, 1935. 


13 ; ~ 4 . : . yd Mi 
lom 1—An L-Frame with Concentrated Load Applied at If 
—The structure shown in Fig. 24 is indeterminate to the first dear 
mn reduced to a determinate structure by ‘cutting it t 


Fig. 24, : Fig. 25. 


Point B. The determination of the moment, M, will be sufficient to make 
he structure statically determinate. The solution for the unknown moment 
at Joint B is as follows, using directly the slopes as derived in the paper: 
By Equation (80), the slope, ¢zc; due to the concentrated load, P, ‘is 


PL 3 . 
— L +; by Equation (83), the slope, zc, due to the bending moment, 


32 EI 
M, is — Bb ; and the total slope, $rsc equals aT ML E Pe) 
i ; 32 EI 4 EI e 
By Equation (83) again, the total slope, drs., due to the bending moment c 4 
; ML, : : Bi ML MI, ; Be 
/ = — ——. Since a) ie at FON OWE ane tS ee é. 
SET, ous Pee 32BI 4EI 481, a 
‘A y= PE (it ) CAC bao aos ECOG 
a 8 ly dh + L i 


i" 
es 


of 


Y Problem 2.—Two-Span Continuous Beam with Uniform Load on One 


Span and Concentrated Load at Center of Other Span.—tThe structure in 


B M 
¥FN_whlb we Linear Ft 
A w2 c 
‘M 
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minate to the first degree. _ The solution for the 
t+ Point B will make it statically determinate. | 


‘Fig. 26 is statically indeter 
moment over the support a 


irae 


NERS 


oe ¢ a er tefiec? a be . 7 ‘e3 eH . 4 

pea, due to moment, M, on (Bs; is — 
RNG Ge Us i ie Mi Pan 
Bo ll lle dea a ce 


Mag M, on Span J,, is — a : and, the total slope, ¢rsc, i 


PL ae : w L, 
16 EI 3 HI 24 EI 


Since rea = —rsc, it follows that: 


~ 


~ 


and, 
SS yo) So wh, 
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Problem 3—Continuous Beam of Two Equal Spans, with Concentrated 
Load at Center of One Span—The structure in Fig. 28(a) is indeterminate 


e 


Cc 


to the first degree. In this ease the reaction at Point B will be chosen as 
the redundant. With the reaction at this point known, the structure is stati- 


eally determinate, as shown in Fig. 28(b) and the shear diagram for this 
f ease is shown in Fig. 28(c). By Equation (17), the deflection, ‘y,, due to a 


MS Oe ft | 


. . e 8 
unit load at Point B, is ai and, by Equation (24), the slope, ¢p, due to 


a concentrated load, P, is, 


Ey PX SLX | 
a 2 2 

4,2) = — 29 et ae Be 
6 HEIL 12 BIL (98) 


or = 


Me ei ee ert ee 


_ yp (due to Load P) «UL PL’ 6 EI 
__¥e (due to Load P)  _ «IL PL’ 6 HI 


11 P 


PE. 
= —— ieee 


Bes ive : : 
Ye (due to load of unity) 96 EI P Tae. 


By oe S . ; Se) oo) 
ACW. FISCHER,’ Esa. (by letter).°*—An interesting method of calculating 
deflection of beams is offered in this paper, but as stated in the “Con- 


slusions,” it is not suggested as the shortest method for solving slopes and 
iat 


Note: The Weight of Shaft is Con- 
sidered Zero in All Calculations 


x 
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. Lad 
2 


BY = 2.267 


17.33 
3067 — 00-50 


17.33 


117.8 


ese 
i (b) MATHEMATICAL BEAM LOADED 
: WITH SHEAR DIAGRAM DIVIDED BY / 
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This is a true statement because there are 


deflections for all problems. 
nd deflections can be solved in less time 


many problems in which slopes a 
than is required by the shear-area method. 


®» Care, Pennsylvania Sugar Co., Philadelphia, Pa. 
9a Received by the Secretary July 1, 1935." 
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not appeal to every ent 
to Sie aan ail 


imnplify’ he: eattalabual To \aetbieming we end conditions of the me 
cal beam the general moment equation with the left. end as the re 


ul 


fy Looe) Loney ton. a 
iL 


x Tntesrating Equation (101): x 
"6m = 6 $0 — 56.502 — 14.71 2 + 3 (961.2 2") 
en moment equation as derived from the right end of the mathematical 7 


“~~ 


oes - (90.68 x?) — = (19.24 2%) — = (2.267 a*) + 1 0722 .(103) 
Integrating Equation (103): B | 
ar z = 6 dpc — 90.68 2? — 19.24 2? — 2.267 2 + 3 (1 072 2°) .. (104) 
x | .. 


Equate, six times, the two tangents of the mathematical beam at a point F 


- 28 in. from the left end, since the deflection of the real beam can be © 


expressed by both equations at that point, thus: 
6 dz a)” — 56.50 2°] — 14.71 2°} + 3 (961.2 2°} 
= 6 dp 2] — 90.68 2°]* — 19.24 2°)" — 2.267 x*]* + 3 (1 072 x)*]" .(105) 
Substituting the limits of « and reducing Equation (105): 


28 gd, = 206 700 + 1177 — 306 ie 12 020 | 
= 32 de — 495200 + 74250 — 15750 + 5541 — 653 + 154900. (106) 


Reducing Equation (106): 


From the mathematical beam the total, $7, equals 33 477, and using the 


, 

} 

28 d, — 193809 = 82 dy-— O76 919............%. (107) 
: i 

: 

notation, dz = ¢r — ¢,; then, from Equation (107): 


28 d, — 193809 = 32(83 477) — 382 d, — 276912........ (108) 


Reducing Equation (108), ¢, = 16470; and ¢, = 33477 — 16470 
= 17007. (AI computations in this. discussion were made with a 20-in. 
slide-rule. ) 


10 “Shaft Deflections by the ree of Dlasti > 
Dusiivering, Novsistien 1088 0 stic Weights’, by A. W. Fischer, Product 


va 


ih, ella 
om Equation (109) « = 4.14 in., which means that the point of m 


deflection of the real beam occurs 27.14 in. to the right of the left — . 
tion (see Fig. 29). , ft 
; sing the notation of the paper: Ymax, = $:t — : In, in whi el 


27.14 in.; or, Ymax. = 16 470(27.14) __ - [ (69.50 = + 56.50 (23) (15.64) . 
— 961.2 (4.14) + MILLE). 447000 — 179500 = 267500 in, when 


E ; equals unity. When EF equals 29000000, the maximum deflection 


r 267 500 


equals = 0.009224 in. 


29 000 000 
The deflection at a point 28 in. to the right of the left. reaction from the cae 
chand part of Equation (107), is 28(16470) — 193809 = 267 391 in. 
when EF equals unity, and when E equals 29(10°), the deflection equals — 
.009220. | 
From the foregoing computations the deflection at the point of zero shear 
f£ the real beam is found to be just a little less than the maximum deflec- 
tion. On comparison with the solution of this problem which is preferred 
by the writer” it does not seem that the foregoing solution of the maximum 
5 deflection by the shear-area method is the shortest. 

- If Fig. 29 had been loaded with uniformly distributed loads of different 
| values, then to solve for the maximum deflection the shear-area method would . ; 
_ have been the shortest, and as the authors state it is suggested as particularly 
Pe adapted to those problems involving distributed loads. pad: 
ee The shaft as given in the example actually has uniformly distributed om 
loads of different values, but for the purpose of comparison it was considered De: 


£ _as having no weight. 


e: 


© 3. Ouantzs Rarasvn," M. Au. Soo. C. E. (by letter).7°—In elementary 
textbooks on strength of materials the development of the beam theory is 


given, usually starting with the authors’ Equation (2) and deriving the slope 
Tt is also shown that the load- 


and deflection curves by direct integration. 
- ing, shear, and moment curves are related in the same manner as the moment 
_ divided by FT, the slope and deflection curves. Tt follows at once, with the 
- usual assumptions of the beam theory and for a constant moment of inertia, 
_ that the five curves in Fig. 30 form a series in which each succeeding curve 
may be obtained by direct integration. 
Tf the method of obtaining the equation of the n + 1-curve of this series 
from the n-curve is the same whether n is 1, 2, 3, or 4, one can obtain the 
of the City of New York, New York, N. Y. 


y Associate Prof., Civ. Bng., Coll. 
lle Received by the Secretary July 8, 1935. 


ane is eee fa the first. In each c% 5 
must be taken care of by 


(a) LOADING 


it is 
of Fig. 30(a) and Fig. 30(b) of the 
series do not have the same physical 
“meaning when divided by the variable, 


I, as they have in the series of the 
previous paragraph. They must be 
_ considered as the first and second de- 


rivatives of the ~ - equation. The 


(d)-curve is the slope, whereas the : 


(e)-curve is the deflection. With this 
second series equations are related to 
each other in the same way that they 5 
are in the first. EI¢, 
‘In order to take advantage of these 
well-known facts, one must keep the 
signs consistent as well as the units. ay 
The writer feels that inconsistencies () EIx DEFLECTION 
have occurred in the several basic Fic. 30. 
formulas derived by the authors and 
he has taken the liberty to re-state Equations (6), (7), (92), (93), (94), 
and (95), giving the assumptions under which the re-stated formulas 
are derived. It is expected that some of the differences between the two sets 
of formulas can be explained by differences of definitions both of terms and 


(@) EI x SLOPE 


signs. It is hoped that the authors will clarify this phase of their paper in~ 


their closing discussion and will state definitely their assumptions as to signs. 
The writer has used the convention of analytic geometry that a dimension is 
positive if measured to the right or upward from the origin, whereas a force 
is positive if it acts in a positive direction—that is, upward. The origin is 


assumed at the left end of the beam. Curves (a) and (d) of Fig. 30 differ 


from those of Fig. 1 in sign possibly because of these assumptions. In the 
ease of a sudden change in the formula of the load, or in the moment of 
inertia, the origin can often be shifted to advantage. 

In Fig. 30 the area bounded by the curve and any two ordinates is equal 
to the difference between the corresponding ordinates in the next lower 
curve. This is the result of the method of obtaining the equation of 
the curve, by integration. It also follows that the units used in measur- 
ing the ordinate of any curve are those of the curve from which it is derived 
multiplied by feet; whence, if the ordinates of the loading curve (Fig. 30(a)) 


ag ee 


» the (a) wants in ote, the by bith, or Sauienatieal curv n 
fee Sted the (a)-curve in feet®. Each term of the corresponding equati : 
erived should conform to one or other of these systems of units, or 


be self-consistent in its units. - 
- Tt has been shown that the ines between Fig. 30(b) and Fig. 30(d) 
is the same as that between Fig. 30(a) and Fig. 30(c). In the first series. 
e equation for Fig. (30c) is obtained (from the definition of moment) front 


about Point X (the load, w, is negative and this load moment, therefore, is 


5?) 


ie - the point, X:Mz= RX + Ae wa dz. It follows, then, from Fig. 30(b), 


q that the equation for Fig. 30(d) is: 
Bigs = Id. + f M de = EI. + TAe oS (410) 


or be = ¢. + Az , in which Az is the first moment of the area of the shear, 


- diyided by the J-curve (or mathematical beam curve) between x = 0 and 
“2 — X about Point XY. In this case, M, is assumed to be zero. In the 


and, theretore, aL * w x dx, are all nega- 


example shown in Fig. 30, d1, wv; 


# 


ee tive in value Paes Az and R X are positive. Equation (110) the writer 
Equations (6) 


ua feels should be used instead of the avthors’ Equation (6). 
and (7) apply only when # I is a constant. Tf it is desired to consider J as 


mm a variable, Equation (110) becomes: 
ph 1 M 
a sant t f 7 Ar aoe es fe tee 


ie orbs — or + Az, Integrating Equation (110) gives, 

%- Ee 

Ely=#HIy: rail ‘Gedo Eye + Ble ti fe Ax dx 
oO 


= pry + BIaX +1 f f 20d te 


and dividing. by the constant, HIE 


y = Yu Pr 


a “that of Fig. 30(a) for the moment, My = = R X, plus the moment of the loads — : 


4 negative in value). If x is taken as the distance from the load, w daz, to _ 


al 


1s i: letra lH) 


on for not doing so should be evident. In any case each canton should 


zz 


ee “es ‘Presents an intresting and a novel idem 


et rs las. SPD 


| Equation cua) corsesponds es the autho 


IL + bd ie vee as in Equation (119). - 


if ie aad the authors have assumed that Elisa sonetard in ined é 
; ations (92) to (95). The writer has obtained the following equations 
der the same assumption: 5 ne q 


j 


Popa tiene 7 fae ae 
zi 


~FI¢,+M,x + 2X epeee A a. 


eee Pe 


= Ely, + EI ¢,X + uw, 24 BELL f was 


ah and, 


| 


‘in which such terms as J x (wdx) and di x (w dx) may be interpreted as 


the second and third moments of the area under the load curve between x = 0 
and « = X about the ordinate through Point XY. As R may be considered as 
a part of the load, and writing dW to represent the load whether concen- 
trated as R, or distributed as w dx: 


B16.= BIg, +i X+% f x aw 


and, 


sf Ely = Ely, + BléoX 2M Eri fe aw 


As dA and I» are given definitions wha to the mathematical and shear 
ye curves and @ has not been defined by the authors these notations have not 
/ been incorporated in these equations. The subscript, L, for “left end” used 
a by the authors is used in this discussion instead of the less ee e, as 
' the origin is always placed at the left end. 

‘ The writer takes issue with the authors in the case of the eats in 
a number of the examples particularly as to their inconsistency in units and 


re 
+5 


3 


| _ Equation (42), the last two quantities should read “— 


Equations (76), (77), and (78), multiply ¢: by £; ca Equations (80) and 
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ange 6 to $; in Equation (8), change 6; to $v; in Equation (13), change 


to $; in Equation (26), multiply y by HJ; on page C1 elite ee 
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in Equation (47), multiply Hy by J; in Equation (53), change = to = Srp al 2 


(81), change ¢, to ¢1; in Equation (82), change x to X; in Fig. (20c), 


ce the moment at the extreme right end will be M,; in Equation (95) change be 
to $e; and, in the lines following Equation (95), “de = HI X end slope”; 


and “ye = EI X end deflection.” 


Harotp R. Kepner,” Assoc. M. Am. Soc. C. E. (by letter).“*—Another 
analogy is presented in this paper, whereby structural problems involving the 
solution of the elastic curve equation may be simplified. Like the moment- 
area method and the column analogy it makes use of a dummy loading on a 
dummy structure, certain functions of which loading equal the desired func- 
tions of a real load on a real structure. 

So far as the writer knows the analogy of the shear-area method has not 
been presented before, although the difficulties involved in the use of the 
moment area for distributed loads have indicated the desirability of some 
method involving the simpler shear curve. r 

A study of this paper has suggested a slightly different statement of the 
‘method as presented by the authors which seems more nearly to approach 
the “conjugate beam” method in its procedure. In spite of its limitations, the 
writer believes a_ brief presentation of this procedure may be worth while. 
Since the advantages of this analogy over those of the conjugate beam analogy 
seem to disappear for beams of varying cross-section, this procedure will be 
presented for the case of prismatic beams only, although its use is perfectly 


general if not always simple of computation. 
Logan, Utah. 


# Associate Prof. of Eng., Utah State Agri. Coll., 
a Received by the Secretary July 11, 1935. 


e ; ae the Lee ttiac™ section aE fhe, real beam; 
7 Be pee pena moment at a given section of the dummy. beam, a 


au beam: and 
_ (3) The second moment of the forces on one side of a given feeling of the 
3 x beam, divided by 2 FI, equals the deflection at the comespond aes 
Rg section of the real beam. 


That these relations are true may be seen by a stadg of Raunt (1) 
to (7). By “second moment” is meant what is commonly called “moment, 
of inertia” and is computed as follows: 


(a) For an area, the expressions for the moment of inertia of an area 
: are applicable, are available in handbooks and textbooks, and, for simple 
r figures, have been memorized by most engineers; 

; (b) For a single force, it is the product of the force by the square of the. 1 
perpendicular distance from the force to the point in question; and | 
(c) For a couple, it is the product of the moment of the couple by twice - 
the distance from its point of application to the point in question. That this 


a: is true for a couple may be shown as i 

yy follows: Referring to Fig. 31, the second 

Ss ; ——— 0 
ome moment of the couple, M = F a about Fs : ? 

Ae Point O equals, Fic. 21. 


IL=F(a+a)’—-Fe =Fa—-2PFar+Fae—Fxr= Fala 22) 
=9eFo = Pe dnukis Hee eee 


es 
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(Making a very small and F’ very large, without changing the moment, 
Me == ORG) 

The reactions at the supports of the dummy beam are either forces, 
couples, or a combination of forces and couples, and are determined by the 
conditions at the corresponding supports of the real beam. Table 1 shows 
how they are determined for several common types of beam. . The symbols, 
V, M, 4, and y, represent the shear, bending moment, slope, and deflection 
at the given section of the real beam, and the primed symbols, V’, M’, and I’, 
.r represent the shear, bending moment, and second moment, respectively, at 
the corresponding section of the dummy beam. 

The signs used for both beams correspond to the convention in which up- 
ward forces on the left produce positive shear, and a beam bent concavely 
upward has positive bending moment. With a positive shear diagram taken 
as a downward load on the dummy beam, the sign of the second moment is 
the product of the sign of the bending moment by the sign of x and corre- 
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a. Case 3.—Simple Beam with Concentrated Load Not at Mid-Span.—Making 
he right support and using the 


use of the condition of zero deflection at t 
equivalent rectangles of Fig. 32 
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ie (RECTANGLES EQUIVALENT TO SHEAR DIAGRAM 
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(c) (the moment of inertia, I, of the rectangle 
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_ Since maximum deflection occurs where the slope, ¢, is zero: 
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M, = 0 = — M, + { — 
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Case 11.—Fixed Beam with a Concentrated Load Not at the Mid-Span.— 
Making use of the conditions of zero slope and zero deflection at the right 


(6) DUMMY BEAM 
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(a2) REAL BEAM 
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(c) RECTANGLES EQUIVALENT TO SHEAR DIAGRAM 
Fie. 33. 
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ee “right end, z = La. Maximum deflection occurs where the slope, ¢z, is A: 
e (L + 24) t 
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(a) REAL BEAM (6) DUMMY BEAM 
Fic. 34. 


Diagram 


the second term equals the slope at the left end of a simple span of the : 
dimensions and loading of the right span of the continuous beam, multiplied 
by 6H. Now, for a simple beam with any loading (see Fig. 34): 


Ey 3 -05s2) Ge 5) (EP fo ta ae ee 
Mes rc Sie oie © ole oe Oe (187). 
l'rs 
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ae eee a 
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P in which, I’ps and J’;,s; are the second moments of the shear diagram only, : 
a about the right and left supports, respectively. 
; Substituting these values for the slope, the general equation for three 
3 moments reads as follows, in terms of the second moments of the shear 
: diagram for any loading: 
A 18, ’ 
Mil ou,(H42) 4 Mile 6 Lom —6 Edy = 2/4 3l'm (149) 
- 1 if hs ie D1, L,I, 
‘ and for equal values of moment of inertia in both spans: 
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Fig. 35 ( the moment of inertia, I, of a triangle about its” 
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(a) SHEAR DIAGRAM (b) EQUIVALENT AREAS 
: Fie. 35. 
Equations (142) and (143) could also have been obtained by treating the 


shear diagram as a couple. Substituting these values for I’zs and I’rs in 


the three-moment equation, it becomes: 
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It is hoped that the foregoing examples will serve to show the general 
procedure in applying the shear-area method in this manner and will also 
reveal its chief advantage, as stated by the authors; namely, the relative 
simplicity of calculating the second moment of shear areas composed of tri- 
angles and rectangles as compared with the first moment of parabolic seg- 
ments of moment areas when uniformly distributed loads are involved. By 
the proper choice of equivalent areas a distributed load of any extent, or any 
arrangement of concentrated loads, may be handled simply. For loads of 
variable intensity and for beams of variable cross-section the dummy loading 
becomes quite as complex as that of the moment-area method. For beams of 
variable cross-section the loading curve is that of Equation (1) of the paper, 
and Statements (1), (2), and (3) of this discussion must be modified to take 
this‘into account. However, it is the writer’s opinion that, for these more 
sical methods involving integration, or approximate 


solutions involving the = aiagram, might as well be used, It is worth 
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Deer ty ke 


| and, for load: 
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are are not ih Souter” with the -walotheae a between a 


d, shear, moment, slope, and deflection for continuous members subjected He 
ateral forces. Although most engineers may have had occasion to use 


ations (146) and (147), at some time, relatively few have made any use of - 
ree anice Equations (148) and (149). In these equations all the symbols 
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have their usual significance. The authors indicate these relationships 


graphically in Fig. 1. 
The wider use of the methods of “slope deflection” and “moment distri- 


_ bution”, together with their many modifications, has created keen interest 


in methods of structural analysis during the past few years. Since these 
methods of analysis are based on a study of distortions, it is natural that 
interest in methods of determining distortions and deflections should be 
equally stimulated. The writer has been amazed by the extent of this inter- 
est as evidenced by the attendance of designing engineers and architects in 
the vicinity of Cleveland, Ohio, at special classes devoted to the study of the 
various methods of determining stresses and deflections for statically inde- 
terminate structures. 

The authors have performed a double service to the profession, therefore, 
first by describing the successive relationships between load, shear, moment, 
slope, and deflection, and then demonstrating how these relationships may 
be used to develop alternates to the “moment-area” method of determining 
slopes and deflections. The writer has solved several problems by both the 
“shear-area” and the “moment-area” methods, and finds that he prefers 
the latter method. This decision may be due, however, to the fact that he 
has been familiar with this method for a much longer period. 


* Assoc. Prof., Structural Wng., Case School of Applied Science, Cleveland. Ohio. 
18@ Received by the Secretary July 17, 1935. 
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- STRUCTURAL BEAMS IN TORSION 


o . 
Discussion 


By Messrs. HAROLD E. WESSMAN, AND F. B: SEELY —_ 
AND W. J. PUTNAM 


Harotp E. Wessman,® Assoc. M. Am. Soc. C. E. (by letter).**—Structural 


engineers seem to be displaying an increasing interest in the effects of 


torsional resistance on stresses in structural members. This curiosity does 
not restrict itself solely to the member in torsion, but also embraces study 
‘of the resulting effects on bending moments of connecting members. The 
paper is a timely contribution to the subject. Although the problem is more 
apparent in the monolithic reinforced concrete building frame, it oceurs also 
in steel structures where some connections insure full continuity and prac- 
tically all types of connections develop at least a modicum of restraint. 

In most structural units torsion may prove to be quite unimportant. 
One is not justified in dismissing it, however, simply because he considers it 
unimportant. Every one is prone to do this at times with knotty problems, 
because it is the easiest course. It is better to be an “agnostic” rather than 
an “atheist” in such matters, however, until a basis of scientific research, both 
analytical and physical, justifies conclusions. In the matter of torsion, that 
basis will be provided by papers such as this one and additional researches 
involving other structural cross-sections and their relation to the structure 
as a whole. 

The writer has suggested that torsion may fall into the category of knotty 
problems. It is complex, both in its broad aspects and in its details. A 
thorough consideration of torsion in the field of structures takes the problem 
of analysis away from planar confines and puts it in the space realm. This 
will discourage many from further consideration of the subject because, as a 
rule, structural engineers prefer to be “two-dimensional analysts,” despite the 
fact that they live in a space world. 


Norn.—The paper by Inge Lyse, M. Am. Soc. C. E., and Bruce G. Johnston, Jun. 
Am, Soc. (on B., ne Ronee Sh April, ac Beige Discussion on this paper has 
appeared in Proceedings, as follows: April 1935, by Messrs. H. M. 

R. D. Mindlin, and Joseph B, Reynolds. Westergaard and 


#* Assoc. Prof., Dept. of Structural Eng, and Mechanics, Coll. of Eng., Univ. of Iowa 
Iowa City, Iowa. ‘ 


a Received by the Secretary May 2, 1935. 


x ea Ie ; > no 8 nple of 80 ' 
the disagreement ¢ parent in Fig. 9 to confirm this 
el Tarious difficulties are involved in the study of torsion stresses in a 
single twisted unit, quite apart from those which come to light when one_ , 
considers related effects in connecting members. oir aera 


on 


a As the authors note, only a few simple cross-sections, such as the circle, 
i ellipse, rectangle, square, equilateral triangle, and certain hollow sections, are 
_ susceptible to pure mathematical analysis. The membrane analogy, or soap 

’ _ bubble, is called upon to serve as an aid in the solution of other sections, such 
_ as the familiar rolled steel shapes used in structural practice. It is difficult, 
_ however, to get accurate measurements of the slopes of the soap bubble at the — 


boundaries because of the curving or “meniscus” effect of the film. Since — Sa 


: the slope of the film at the boundary is a measure of the unit shear stress at 
_ corresponding ‘points, the modification in curvature makes accurate inter-_ 
pretation somewhat diffeult. The materials testing laboratory is another aid 
- for the determination of the torsion constant by twisting actual ‘specimens; ’ 
4 but it is difficult to “look inside” the beam to find out what happens, and at ; 
g points on the exterior at fillets, it is hard to measure strains. yee 
of This paper emphasizes the co-operation possible between mathematical 
et analysis, mathematical aids such as the membrane analogy, and the physical 
testing laboratory. The preceding comments by the writer indicate briefly 
; that this co-operation is necessary in securing an answer to torsion problems. hie 
= The authors are to be congratulated for using all the available tools at their ¥ 
", command. 
ee It is unfortunate, however, that they did not present their soap film tests 
| in more detail. It would be interesting to know precisely how they deter- 
a mined the volume under the film and the coefficients, a, in Fig. 4, Was any 
Attempt made to obtain an independent curve for stress concentration at 
fillets similar to those in Fig. 9 (which exhibit a considerable lack of agree- 


Bs 
oa 


/ ment both in values and trends)? At the ratio, " — 0.40, the percentage 
n 


increase of stress in fillets ranges from about 45 to 140. At the ratio, 


Cz ” = 1.00, the range is from 25 to 90 per cent. For ratios of ele 
n 


n 
Westergaard’s and Mindlin’s curve and Taylor’s soap film tests2° portrayed 


in Fig. 9, show increasing values of stress concentration. All other curves 
i; continue the downward trend. In other words, they conform to the thesis 
that an increase in the radius of the fillet always reduces the stress concentra- 
tion. Cushman’s soap film tests were not carried far enough to give values 
in the range, 1 < " < 2, although the general trend is downward. 

n 
may be raised at this point: “Are the 


Incidentally, the following question 
£ Stress in Fillets,’ or do they 
pein Sie cP 


ordinates in Fig. 9, ‘Percentage of Increase o 
auties, No. 33, June, 1917 (Rept. 


y 16 Technical Repts., Advisory Committee for Aeron ) 
i i rg, A. A. Griffith and G. I. Taylor). 
rsion and Bending by Membrane Analogy,” by. BNA: 


OF ee cad Cena -" aaa 

t Ginarien’ (67) is oe, in terms of this ratio. -Fépp 1, 7 = 
equation from a consideration of Stokes’ theorem, GEDrgases = 

s of a similar ratio.” if 


or diferent fillet genet the following procedure would. give an approximate 
ok on the curves in Fig. 9 with little additional labor. Even if contours f 
not plotted, the determination of a slope at one point on the fillet near 
2 edge, but far-enough away to eliminate edge influence, should not take 
uch additional time, considering the extent of the laboratory testing that 
was done. | ys 
In Fig. 30(a), Section OA bisects mi fillet, and Fig. 30(b) shows a 
arealen of the section. The differential equation of curvature in terms of the 


urface of Film 
Slope atr, +d, 


SECTION O-A 
(8) 


Fre. 30. 


a stress function for Cork is given by the authors in Equation (1). This 
Te - equation, of course, follows directly from the differential equation of 
| equilibrium of forces expressed in terms of displacement rather than stress. 
Moreover, it is the same as the one for curvature of the soap bubble surface, 


a except that the constant, 2G 0, is replaced by the constant, 2, in which p is 


< the unit pressure normal to the surface of the film, and S is the constant 
tension in the film. 


In polar co-ordinates, Equation (1) becomes, 
: oF 1” OF iar 
1 Analisis: cea eden ee (91) 
or? POF r? 00? 


asticgueiceben cn ffenestr : 


in which C is the constant, —2@6, or —2. 
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“e ” 
u “Drang und Zwang,” by A. and L. Féppl, Second Hdition, Vol. 2, 1928, p. 78. 
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Ros The equation for the slope, which measures the unit shear is, 
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oi At the fillet of a rolled section, part of the soap film is approximately : 
Exo surface of revolution with its axis passing through the center of the fillet; 
contours over this part will be parallel to the edge of the fillet, as in Fig. 
B 30(a). Radius r in Equation (94) is, therefore, the radius relative to the 
> | center of the fillet. The value of the constant, C, has already been noted. — 
It only remains for Constant A to be evaluated. In one approximate solu- — 


a tion proposed, A is found by assuming that the slope is zero at a distance, ee 


ae im. 
oa R in from the edge of the fillet,” and that the surface is one of revolution 


for at least this same distance in from the edge. The assumption of zero 


| slope at the distance noted is open to question. ir? 
i By an inspection of contours, or by one or two measurements, either of ‘ 
| slope or of elevation, F, of the surface, at a point a small definite distance By 
Z in from the edge, the authors could have obtained a finite value for the ~ f 


yr slope, = , at a finite distance from the center of the fillet. By substituting 
r 


this in Equation (94), the constant, A, can then be evaluated more closely. 
The writer realizes that this involves fairly precise measurement. One 
might also raise the question, “Why not measure the slope right at the edge 
and get the shear stress at the critical point directly”? If one can eliminate 
- edge influence on curvature, this would be the logical solution. The writer 
cm suggests the preceding steps, however, to get away from edge influence and 
; to obtain a more accurate determination of the constant, A. He ventures to 
% predict that the resulting curve for the stress concentration factor will ex- 


P 
hibit a rising trend for values Of ul: 
n 


F. B. Ssety,” Esq., AND W. J. Purnam,” Esq. (by letter).“"—It may be of 
value to study the results of the experiments discussed in this paper, on the 
geet ge ee 


aa“Pheory of Elasticity,” by S. Timoshenko, 1934, D. 259. 

11 Head, Dept. of Theoretical and Applied Mechanics, Coll. of HEng., 
Urbana, Ill. 

18 Prof, of Theoretical and Applied Mechanics, Coll. of Hng., Univ. of Illinois, 


Urbana, Ill. 
18a Received by the Secretary May 18, 1935. 
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ting moment, 7’, and the angle of twist per unit of length, 6, 3 gi 

by Equation (Qi hielyeeG ee Similarly, the authors point out that 
aemnbers having non-circular cross-sections, Equation (4) becomes T= ie 


e Equation (5)), in which K is the torsion constant for the given secti 


rv a narrow rectangle Saint. Venant gave the approximate value of 


v= = 4 n* b (see Equation (6)) in which n is the short dimension and b the 
ong dimension of the rectangle. Likewise, for a section made up of narrow 
eS such as a ship channel, the approximate value of K for the entire 


section is K = 3(4 n* b); but for a (trapezodial) section with sloping sides, — 
such as the flanges of most rolled steel channels, the value of K is a ex peee dm 
by Equations (9) and (10) of the paper. 

For a channel section, then, the expression for K, would be, 


1 


iat a2 wid +2 (m +n) (mt + n°) 


_in which the symbols are identified = reference to Fig. 31. As paisa i the 
* authors, the value of K is proportional to the volume under a soap film that 


is stretched across an opening of the same shape ~ 


Po anmae WEH as that of the cross-section, the soap film be- 
AX a ing inflated slightly by a difference of pressure 
= on the two sides of the film. In Equation (95) 
the factor cerresponding to the “hump” or “hill” 
that occurs in the soap +¢film at the junctions 
of the flanges and web is omitted. The “end 
loss” corresponding to the “sloping down” of 
the soap film to meet the edges of the short 
dimensions of the rectangular or trapezodial 
sections, is also omitted. In their studies, the 
writers concluded that corrections for these two 


tion of the actual dimensions of rolled. sections 
from the tabular handbook values. Further- 
more, these effects in a channel section are 
relatively less than in an I-section or in an 
H-section. 

Comparison of Test and Calculated Values 
of K.—Four channels ranging in depth from 
6 to 15 in, as listed in Table 5 were 
tested as free-ended members in pure torsion 
to determine the torsional constant, K, from 
Equation (4), namely, 


ier= 
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effects could be omitted in view of the devia- — 
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The value of G was taken to be 12000 000 lb per sq ins “was measured 


4n a 23 000 in-Ib torsion machine, and the angle of twist, ¢ = @ L, in a given : 


length, LZ, was measured by means of a 20-in, level bar on flat bars attached 
+o the top flange of the channel, as shown in Fig. 32. 


TABLE 5.—Terst Resutts AND CoMPUTED Vatues ror Pure Torsion IN 
CHANNEL SECTIONS 4 


Torston Constant, K SHEARING STRESSES IN WEB AND FLANGE 
Approxi- 
T=0=08 mate 
ag Test | Computed | reap | 5 Column | Compute | Tae ar 
(Equation | (Equation gd Bs eed Caan a flange 
(96)) (95)) (97)) 98)) a a 
(1) (2) (3) (4) (5) (6) (7) 
6-In., 15..3-Lb:* 
Sri ae ee 2.00T 1.607 leceyiie lle eek. 
Flange ee” ) @,206 0.201 { 2.437 1.947 1.937 2.187 
6-In., 15.5-Lb: ‘ 
Welt ist tert 1.727 1.387 13870" | eke ; 
riage tes. Aa? } 0.400 0.405 |{ (dar 1.187 0.8477 | 1.207 ; 
10-In., 15.3-Lb: 
Fob Ge eee b 1.547 1.237 1H1SL5 cl Ree 
Flange... is } 0.256 0.203 |{ 2357 180 Ts bine tOLon easel 
Te tp ach east { 0.5937 | 0.4747 | 0.4207 | ...... 
jbo eae \ 1.08 0.8387 | 0.6707 0.6857 | 0.9477 
* Ship channel. 7 Heavy channel. 


The relations between T and ¢ for several lengths along a 10-in., 15.3-lb 
channel are shown in Fig. 33(a). The values of K found from the curves 


Wie. 82:—Vinpw oF CHANNEL IN TESTING MACHINE. 


(95) are not in n close agreement with the values ogatned brash test re 


Angle of Twist, 8, in Radians 
Fic. 33.—LocaTion or 2-INcH Gaucn LINES on 10-INCH, 15.3-PoUND CHANNEL 
SUBJECTED TO PURE TORSION. 
(Column (2), Table 5), but they indicate that Equation (95) may be used 
satisfactorily for approximate results. The computed values in Column (3) 
‘that deviate most from the test values apply to the 10-in. and the 15-in. 
channels, which have the sections with relatively thin webs and relatively 


thick and tapering flanges. In computing the values of K, the tabular or 
_. handbook values of the dimensions of the channel sections were used. All 
the channels tested checked closely the tabular values of the average weights 


per foot of length, but some of the linear dimensions deviated considerably 
from the tabular dimensions. 

Comparison of Test and Calculated Values of Shearing Stresses—The 
approximate values of the elastic shearing stresses at the center of each flange 
and at the center of the web on each channel at several sections were obtained 
by measuring the elastic strains in the channels caused by twisting moments 
at the ends. The locations of the gauge lines are shown in Fig. 32 and 
Fig. 83(b). The stresses were determined by measuring the unit strains, e, on 45° 
gauge lines by means of a 2-in. strain-gauge. From these strain readings the ten- 
sile and compressive unit stresses in the directions of the gauge lines can 


Ee 
1+p 


or compressive modulus of elasticity and pu is Poisson’s ratio (which is 
assumed to be 0.25 for steel). Since the tensile and compressive stresses at 
any point in the directions of the 45° gauge lines are equal to the shearing 
stresses on the vertical and horizontal planes at the same point, 


be found from the expression, ¢ = = 0.8 # e, in which £ is the tensile 
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A channels tested. The average of the values of H ¢ and 
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__ corresponding values of t and o in the web and flanges of each of the four Ns 
2 channels tested, are shown in Table 5, together with the calculated values of - fie 
the shearing stresses from the equation, oy 
. bat 


Khe: 
in which ¢ is the thickness of the section at the location of the gauge line 

- (see Fig. 31). It will be observed that Equation (98) is consistent with the 
soap film analogy. The larger ¢ becomes, the more will the soap film puff up; . 

4 the greater will be the slope of the film; and, therefore, the greater the shear- 
ing stress. Equation (98) yields only approximate values, but leads to useful he: 
and reliable results as may be seen from Table 5, in which it is shown that ‘i 
the calculated and test results are in reasonably satisfactory agreement (com- 

pare Column (5) and Column (6)). It should be noted that since the strain- 
gauge used had a 2-in. gauge length, the stresses obtained from the measured 
strains are the average in the region of the point considered rather than the Y 


stress at the given point. & 
a The computed values in Column (6), Table 5, that deviate most from the a 
g. = test values apply to the 6-in. 15.5-Ib, and the 10-in. 15.3-lb channels. For is 
these sections the 2-in. gauge line included too much of the relatively short 

flange width for satisfactory stress determinations at the point considered. 


The maximum value of + in the flange (not considering the stress at the 


i fillet) would be (on the basis of the soap film analogy) at the point where 


the largest inscribed circle is tangent to the face of the flange, since the soap 


fm would have the greatest slope at this point; the maximum shearing stress 
would occur, therefore, at about the point, A, Fig. 31. The approximate value 
of the maximum shearing unit stress on the outside face of the flange, should, 


then, be given by the equation, 
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The values of + found from Equation (99) are given als 
Column (7). 
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